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DEEP LEARNING IMPACT

SIFT + FVs [7]
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WHY THINGS WORK BETTER TODAY?

More data — larger datasets, more access (internet)
Better hardware (GPU)

Better learning regularization (dropout)

Deep learning impact and success is hot unique
only to image classification.

But it is still unclear why deep neural networks are
so remarkably successful and how they are doing it.
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CUTTING EDGE PERFORMANCE
N MANY OTHER APPLICATIONS

* Disease diagnosis [Zhou, Greenspan & Shen, 2016].

* Language translation [Sutskever et al., 2014].

* Video classification [Karpathy et al., 2014].

* Handwriting recognition [Poznanski & Wolf, 2016].
e Sentiment classification [Socher et al., 2013].

* Image denoising [Remez et al., 2017].

* Depth Reconstruction [Haim et al., 2017].

* Super-resolution [Kim et al., 2016], [Bruna et al., 2016].

* Error correcting codes [Nahmani, 2016]

* many other applications...
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CLASS AWARE DENOISING

Agnostic
denoising

Class aware
denoising y/

[Remez, Litani, Giryes, Bronstein, 2017]
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DEPTH ESTIMATION BY PHASE CODED CUES

'.:\""b!g -

[Haim, Elmalem,
Bronstein, Marom,
Giryes, 2017]

UAI Tutorial



ALL-IN-FOCUS BY PHASE CODED CUES

e

TR ¢

(a) Clear aperture imaging (b) Krishnan [17] on (a)
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Samsung S7

DEEP ISP

[E. Schwartz, R.

DeeplISP

Giryes and A. M. Bronstein, 2018]

10



PARTIAL SHAPE ALIGNMENT

Alignment is performed by a free form
deformation generated by a network:

source partial target
source

[Hanocka et al., 2018]
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MESH CNN

* A neural network for mesh data
* Perform a different mesh simplification for different tasks.

no handles

[Hanocka et al., 2019]



ASAP -NETWORK ARCHITECTURE SEARCH
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DEEP NEURAL NETWORKS (DNN)

* One layer of a neural net

X € R? w Yy(WX) e R™
X is a linear P is a non-linear
operation function

* Concatenation of the layers creates the whole net

WL W2, ... WK) = (WK ...¢(W2¢(W1X)))

XeRrRd > W ¥ wi Y wkK
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CONVOLUTIONAL NEURAL NETWORKS (CNN)

WX
X e R w (1) PY(WX) € R™
W is a linear F is a non-linear
operation function

* In many cases, W is selected to be a convolution.
* This operator is shift invariant.

* CNN are commonly used with images as they are
typically shift invariant.
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THE NON-LINEAR PART

e Usuallyyp = gof. w Y
* f is the (point-wise) activation function
RelLU Sigmoid . Hyperbolic
f(x) = max(x,0) (x) = I tangent
fe0 = 1+e* f(x) = tanh(x)

* g is a pooling or an aggregation operator.

1t t !t vt 1

Max pooling Mean pooling lp pooling

1 PINTY
max X; _z X; Zi—lxi
N b—dj=1 -

l
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A SAMPLE OF
EXISTING THEORY FOR
DEEP LEARNING
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What is the role
of pooling?




DEEP LEARNING THEORY SURVEY

Mathematics of Deep Learning

René Vidal Joan Bruna

Abstract— Recently there has been a dramatic increase in the
performance of recognition systems due to the introduction of
deep architectures for representation learning and classification.
However, the mathematical reasons for this success remain
elusive. This tutorial will review recent work that aims to
provide a mathematical justification for several properties of
deep networks, such as global optimality, geometric stability,
and invariance of the learned representations.

I. INTRODUCTION

Deep networks [1] are parametric models that perform se-
quential operations on their input data. Each such operation,
colloquially called a “layer”, consists of a linear transfor-
mation, say, a convolution of its input, followed by a point-
wise nonlinear “activation function™, e.g., a sigmoid. Deep

UAI Tutorial

Raja Giryes Stefano Soatto

sigmoidal activations are universal function approximators
[5], [6], [7]. [8]. However, the capacity of a wide and shallow
network can be replicated by a deep network with significant
improvements in performance. One possible explanation is
that deeper architectures are able to better capture invariant
properties of the data compared to their shallow counterparts.
In computer vision, for example, the category of an object
1s invariant to changes in viewpoint, illumination, etc. While
a mathematical analysis of why deep networks are able to
capture such invariances remains elusive, recent progress
has shed some light on this issue for certain sub-classes
of deep networks. In particular, scattering networks [9] are
a class of deep networks whose convolutional filter banks
are given by complex, multi-resolution wavelet families.




SAMPLE OF RELATED EXISTING THEORY

Universal approximation for any measurable Borel functions [Hornik et. al., 1989,
Cybenko 1989, Daniely et al., 2017]

Depth of a network provides an exponential complexity compared to the number
parameters [Montufar et al. 2014, Cohen et al. 2016, Eldan & Shamir, 2016] and
invariance to more complex deformations [Bruna & Mallat, 2013]

Number of training samples scales as the number of parameters [Shalev-Shwartz
& Ben-David 2014] or the norm of the weights in the DNN [Neyshabur et al.
2015]

Pooling relation to shift invariance and phase retrieval [Bruna et al. 2013, 2014

Deeper networks have more local minima that are close to the global one and
less saddle points [Saxe et al. 2014], [Dauphin et al. 2014], [Choromanska et al.
2015], [Haeffele & Vidal, 2015], [Soudry & Hoffer, 2017]

Relation to dictionary learning [Papayan et al. 2016].

Information bottleneck [Shwartz-Ziv & Tishby, 2017], [Tishby & Zaslavsky 2017].
Invariant representation for certain tasks [Soatto & Chiuso, 2016]

Bayesian deep learning [Kendall and Gal. 2017] [Patel, Nguyen & Baraniuk , 2016]

UAI Tutorial 20



REPRESENTATION POWER

Neural nets serve as a universal approximation for any
measurable Borel functions

In particular, let the non-linearity ¥ be a bounded,
non-constant continuous function, I; be the d-
dimensional hypercube, and C(I;) be the space of
continuous functions on I ;. Then forany f € C(l,)
and € > 0, there exists m > 0, and X € R&xm
B € R™ W € R™ such that the neural network
FWV)=yWVX+BWwWT!
approximates f with a precision €:

IF(V) — f(V)]| <€ VV € R

utorial 21



ESTIMATION ERROR

* The estimation error of a function f by a neural

networks scales as
/[

Smoothness of Cf
approximated kN

function

Input

) 0 (— log(L)) dimension

Number of Number of

neurons in the training
DNN ENES
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DEPTH OF THE NETWORK

* Depth allow representing shallow restricted
Boltzmann machines, which has an exponential
number of parameters, compared to the deep one

 Each DNN layer with RelLU divides the space by a
hyper-plane, folding one part of it.

* Thus, the depth of the network folds the space
into an exponential number of sets compared to
the number of parameters



DEPTH EFFICIENCY OF CNN

* Function realized by CNN, with ReLU and max-
pooling, of polynomial size requires super-
polynomial size for being approximated by shallow
network

* Standard convolutional network design has
learning bias towards statistics of natural images



ROLE OF POOLING

* The pooling stage provides shift invariance

’

* A connection is drawn between the pooling stage and
the phase retrieval methods

* This allows calculating Lipchitz constants of each DNN
layer Y (- X) and empirically recovering the input of a
layer from its output.

 However, the Lipchitz constants calculated are very

loose and no theoretical guarantees are given for the
recovery.

UAI Tutorial
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SUFFICIENT STATISTIC AND INVARIANCE

e Given a certain task at hand:

 Minimal sufficient statistic guarantees that we can
replace raw data with a representation with smallest
complexity and no performance loss.

* |nvariance guarantees that the statistic is constant
with respect to uninformative transformations of the
data.

* CNN are shown to have these properties for many
tasks

* Good structures of deep networks can generate
representations that are good for learning with a small
number of examples

UAI Tutorial 26



SCATTERING TRANSFORMS

e Scattering transform - a cascade of wavelet
transform convolutions with nonlinear modulus

and averaging operators.

* Scattering coefficients are stable encodings of
geometry and texture

P Orininal
PR riginal image

O | 7 A o + , _
P with d pixels
PR

Recovery from first
¥ . : _
v f - scattering morTlcj:nts.
0 (log d) coefficients
:m:mm: Recovery from 1stg 2nd
/) l J YYIIIIIII0) + scattering moments:
e ' 2 .
40401 0(log d) coefficients

Images from slides of Joan Bruna in ICCV 2015 tutorial



SCATTERING TRANSFORMS AND DNN

* More layers create features that can be made
invariant to increasingly more complex
deformations.

* Deep layers in DNN encode complex, class-specific
geometry.

* Deeper architectures are able to better capture
invariant properties of objects and scenes in
INEEES
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SCATTERING TRANSFORMS AS A METRIC

* Scattering transforms may be used as a metric.

* Inverse problems can be solved by minimizing
distance at the scattering transform domain.

* Leads to remarkable results in super-resolution

29



SCATTERING SUPER RESOLUTION

Original Best Linear Estimate State-of-the-art Scattering estimate

[Bruna, Sprechmann & Lecun, 2016]

UAI Tutori
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MINIMIZATION

* The local minima in deep networks are not far from
the global minimum.

* saddle points are the T
main problem of deep
Learning optimization.

count

b )
o 100

i

P

* Deeper networks have (Choromanska et al., 2015]
more local minima but less saddle points.

UAI Tutorial 31



GLOBAL OPTIMALITY IN DEEP LEARNING

* Deep learning is a positively homogeneous
factorization problem, i.e., 3p = 0 such that
Va = 0 DNN obey

d(aX?, aX?, .., aX¥) = a? (X1, X2, ..., XX).

* With proper regularization, local minima are global.

* |f the network is large enough, global minima can
be found by local descent.
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OUR THEORY

 DNN Classification is affected by the angles in the data
e Generalization error of neural network

* Relationship between invariance and generalization in deep learning
* Solving optimization problems with neural networks

* Robustness to adversarial examples
* Robustness to label noise

e Observation of k-NN behavior in neural networks to explain the
coexistence of memorization and generalization in neural networks

* Relationship between ETF and dropout
e Lautum information for transfer learning

UAI Tutorial 33
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on the DNN
input margin

e ——— e —

34



) g

UAI Tutorial

™~

Generalization
error depends
on the DNN
input margin

e

35



GENERALIZATION ERROR SURVEY

Generalization Error in Deep Learning

Daniel Jakubovitz!, Raja Giryes!, and Miguel R. D. Rodrigues?

1" School of Electrical Engineering,

Tel Aviv University, Israel
danielshaij@mail.tau.ac.il, rajal@tauex.tau.ac.il
2 Department of Electronic and Electrical Engineering,
University College London, UK
m.rodrigues@ucl.ac.uk

Abstract. Deep learning models have lately shown great performance in various fields
such as computer vision, speech recognition, speech translation, and natural language pro-
cessing. However, alongside their state-of-the-art performance, it is still generally unclear
what is the source of their generalization ability. Thus, an important question is what
makes deep neural networks able to generalize well from the training set to new data. In
this article, we provide an overview of the existing theory and bounds for the character-
ization of the generalization error of deep neural networks, combining both classical and
more recent theoretical and empirical results.
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ASSUMPTIONS
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Input Space Feature Space




GENERALIZATION ERROR (GE)

* In training, we reduce the classification error
Ctraining Of the training data as the number of

training examples L increases.

* However, we are interested to reduce the error
Y5t Of the (unknown) testing data as L increases.

* The difference between the two is the
generalization error

GE = ftraining — Lrest
= |t is important to understand the GE of DNN

UAI Tutorial 38



ESTIMATION ERROR

* The estimation error of a function f by a neural

networks scales as
/[

Smoothness of Cf
approximated kN

function

Input

) 0 (— log(L)) dimension

Number of Number of

neurons in the training
DNN ENES
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REGULARIZATION TECHNIQUES

Weight decay — penalizing DNN weights [Krogh & Hertz, 1992].

Dropout - randomly drop units (along with their connections)
from the neural network during training [Hinton et al., 2012],
[Baldi & Sadowski, 2013], Srivastava et al., 2014].

DropConnect — dropout extension [\Wan et al., 2013]
Batch normalization [loffe & Szegedy, 2015].

Stochastic gradient descent (SGD) [Hardt, Recht & Singer,
2016].

Path-SGD [Neyshabur et al., 2015].

And more [Rifai et al., 2011], [Salimans & Kingma, 2016], [Sun et
al, 2016].
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A SAMPLE OF GE BOUNDS

e Using the VC dimension it can be shown that

L is the

log(L number
GE<O DNN params - 8(L) trait:,ien;f
\ L samples

* The GE was bounded also by the DNN weights

GE < —zKuwuz ﬂuwuzz
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A SAMPLE OF GE BOUNDS

e Using the VC dimension it can be shown that

log(L)

GE<O
B L

\

 The GE was bounded also by the DNN weights

* |In

1 .
ity [ I
L

an RC bound was provided that is

independent of the network size

UAI Tutorial
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RETHINKING GENERALIZATION

* Networks with the same architecture may generalize
well with structured data but overfit if the data is
given with random labels

* This phenomena is affected by explicit regularization.

* This shows that taking into account only the network
structure for bouding the generalization error is
misleading

* We need to seek an alternative to the Rademacher
Complexity and VC-dimension based bounds

43



COMPRESSION APPROACH

* Weight in neural networks are very redundant

* One may compress the network and still get
approximately the same performance

* One may calculate the RC or VC dimension based
bounds based on the number of neurons in the
compressed network

* This leads to a significantly tighter GE bounds

44



OPTIMIZATION AND GENERALIZATION

* In it is shown that SGD serves
as a regularizer in the training of neural networks.

* In it is proven formally that
a two layers neural network trained with SGD
(under some assumptions) converges to the global
minimum and generalizes well.

* Training using softmax is shown to lead to large
margin in linear networks

45



DNN INPUT MARGIN

* Theorem 6: If for every input margin yin(Xi) >y
then GE < \/NY/Z(Y)/\/Z

* Ny /o (Y) is the covering number of the data Y.

* Ny /2 (Y) gets smaller as y gets larger.

* Bound is independent of depth @

* Our theory relies on the
robustness framework




INPUT MARGIN BOUND

* Maximizing the input margin directly is hard

* Our strategy: relate the input margin to the output
margin yout(X‘) and other DNN properties

* Class 1

e Theorem 7: Y o,

i out(X")
y' (Xl) 2 Yout
" iy X )H

sup
XeY

Yout(X )




OUTPUT MARGIN

* Theorem 7: yin(Xi)

] ](X)H

> > :
Mi<i<klWHl, — Mi<izrl W

* Qutput margin is easier to
maximize — SVM problem

* Maximized by many cost
functions, e.g., hinge loss.

* Class 1
* Class 2




GE AND WEIGHT DECAY

Yout(X )

* Theorem 7: yin(Xi) > >

Vout(Xi)

S

1 X2

> Vout(Xi)

* Bounding the weights
increases the input margin

* Weight decay regularization
decreases the GE

* Related to regularization used

](X)H — ycislWHl,

* Class 1
* Class 2




JACOBIAN BASED REGULARIZATION

i Xi Xi
* Theorem 7: ¥, (X') = ym;-( ) > Youl )i
sup W H HlSiSK”W ”2
42 2 2

> Vout(Xi)_
My<i<xlWH| -

e J(X) is the Jacobian of the
DNN at point X.

- ](-) IS piecewise constant.

e Using the Jacobian of the
DNN leads to a better bound.

= New regularization technique.




RESULTS

e Better performance with less training samples

256 samples 512 samples 1024 samples
: loss #layers noreg. WD LM noreg. WD IM noreg. WD LM
vl e —/ Y T
hinge y 88.37 89.88 93.83 9399 9462 9549 9579 96.57 97.45
Dataset [Eueiwe | 8722 8931 9322 9341 9397 9576 9546 9645 97.60

CCE 88.45 8845 9277 9229 93.14 9525 9538 9579 96.89

CCE 3 89.05 89.05 93.10 91.81 93.02 9532 9511 9586 97.14

CCE: the categorical cross entropy.
* WD: weight decay regularization.
* LM: Jacobian based regularization for large margin.

* Note that hinge loss generalizes better than CCE and
that LM is better than WD as predicted by our theory.
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INVARIANCE

* Our theory extends also to study of the relation
between invariance in the data and invariance in
the network

* Invariance may improve generalization by a factor
of V'T, where T is the number of transformations

* We have proposed also a new strategy to enforce
invariance in the network

52



INVARIANCE SLICE

* Use transformations T, ..., Ty to transform the
input [Dieleman et al., 2016]

* Average the features before the soft-max layer

“M

s

_|_

bl
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INVARIANCE BY REGULARIZATION

* Use transformations T, ..., Ty to transform the
input [Sokolic et al., 2017]

* Force features to be similar

b
S-SR

_|_

bl




INVARIANCE

* Designing invariant DNN reduce the GE

Table 1: Classification accuracy [%]| on CIFAR-10.

number of training samples

2500
No reg. 68.71
Inv. Reg. 69.32

No reg. .
+ ave. 70.59

Inv. Reg. 70.71
+ avg.

UAI Tutorial

5000

76.74
79.08

78.40
79.65

10000
85.17
86.69

86.05

86.96

20000
87.15
88.14

50000

93.65
94.50

94.26
94.78
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ADVERSARIAL ATTACKS

= Deep neural networks can easily be fooled by small

perturbations in the input, commonly referred to as
Adversarial Attacks.

" The problem of “no common sense” —a network can perform

its task well (e.g. image classification), but can easily be fooled
in a way a human cannot.

= Adversarial Attacks are deliberate input perturbations —
random noise is not as likely to fool the network.

UAI Tutorial 57



n02782093 balloon

50 100 150

n02454379 armadillo

ADVERSARIAL EXAMPLES

n03584254 iPod

n07892512 red wine

50 100 150

100 150
n03495258 harp

vy

RETIN R
TTTTTYY

(ot
oy

*These examples were generated using the DeepFool attack on ResNet-34, ImageNet classification.
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n02708093 analog clock

50 100 150 200

n03658185 letter opener

58



ADVERSARIAL ATTACKS

= Adversarial examples are highly transferable — an attack that
successfully fooled one network is very likely to fool another
network as well.

= Very little knowledge of the network’s architecture is necessary
to attack it, i.e. grey-box attacks are very efficient as well.

= Several explanations to this phenomenon have been suggested:

* Adversarial examples finely tile the space like the rational
numbers amongst the reals, they are common but occur only
at very precise locations (“pockets”).

* Positively curved decision boundaries are more susceptible
to universal adversarial perturbations.

UAI Tutorial
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DEFENSE AND ATTACK METRHODS

= Several attack and defense methods have been proposed to
counter this problem.

= Defense methods aim at either increasing the robustness to
attacks, or detecting that an attack has been performed.

= Attack methods:
 FGSM (Fast Gradient Sign Method)
* JSMA (Jacobian-based Saliency Map Approach)

* DeepFool

e Carlini & Wagner

UAI Tutorial
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DEFENSE AND ATTACK METRHODS

= Defense methods:

UAI Tutorial

Adversarial training
Network Distillation
Input Gradient regularization
Cross-Lipschitz regularization

Jacobian regularization
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JACOBIAN REGULARIZATION

= We proposed a novel approach to enhance a network’s
robustness to adversarial attacks — Jacobian regularization.

= A network’s Jacobian matrix for z(I) - the output of the
network’s last fully connected layer before softmax (i.e. the

logits) is
927 (x;)
6x(1)
Jx) £ JB(x;) = :
0z (x;)
L aX(l)

9z (x;)]
aX(D)

0z (x)

0x(p) |

E RKXD

where D — input dimension, K — output dimension:

UAI Tutorial
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JACOBIAN REGULARIZATION

= We regularize the Frobenius norm of the network's
Jacobian:

||1<xi>||,%=ii( ><xl>> EHszk
d=1k=1

= We perform post-processing training, i.e. our
regularization is applied to already-trained networks:

= Reducing the computational overhead (Jacobian
computation requires an additional back-propagation

step).
= Allowing the usage of pre-existing networks.
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WHY DOES IT WORK?

= Adversarial examples are essentially cases in which similar
network inputs result in very different network outputs.
Regularizing the Jacobian constraints this behavior: smaller
Jacobian Frobenius norm — smoother classification function.

= Let [x, Xper¢] be the D-dimensional line in the input space
connecting x and Xx,.,+. According to the mean value theorem
there exists some x" € [X, Xp¢r¢] such that:

”Z(L)(xpert) 7 )(x)” i |

”xpert x”2

o7 ><x'>|\ = 712

k=1

UAI Tutorial
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WHY DOES IT WORK?

= Empirical motivation — the average Jacobian Frobenius norm of
perturbed images is larger:

1 1
Defense method —z &)l F —z 1T Xipere) F

No defense
Adversarial training

Jacobian regularization

Jacobian reg. & Adversarial training

UAI Tutorial
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WHY DOES IT WORK?

Generally, an attack method seeks for the closest decision boundary to
be crossed to cause a misclassification, such that the perturbation of the
input is minimal.

The distance d” is the first order approximation of the distance between
an input x and an input classified to the closest decision boundary. The
relation between d* and the network’s Jacobian matrix (k™ is the original
class of input x, k = 1, ..., K is the class index):

: (L)
\/_||](L)(x)” kik* k* (x) sz (x)|

Encouraging a smaller Frobenius norm of the network’s Jacobian means
encouraging a larger minimal distance between the original input and a
perturbed input that would cause a misclassification.
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WHY DOES IT WORK?

" |t has been shown that positively curved decision
boundaries create an enhanced vulnerability to adversarial
examples:

Fig. 3: Link between robustness and curvature of the decision boundary. When the decision boundary is pesitively curved

(left), small universal perturbations are more likely to fool the classifier.

*Illustration taken from “Analysis of universal adversarial perturbations”, Moosavi-
Dezfooli et al.

= Jacobian regularization encourages the network’s learned
decision boundaries to be less positively curved.
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WHY DOES IT WORK?

The decision boundary separating the classes k; and k, is the hyper-
surface: Fi, k,(x) = 2, )(x) -z, )(x) = 0.

2, (L)
Using the approximation Hy (x) = Za"xz(x) ~ [, ()T ], (x) (outer

product of gradients, ], (x) is the kt* row in the matrix J(x)), we get
that the curvature of the decision boundary Fy,_; (x) = Z(L) €9

— Zy, )(x) = 0 at the input point x can be upper bounded by:

K
X (Hi = Hi,)x < ) G002 < IO 11
k=1

For this reason, Jacobian regularization promotes a less positive
curvature of the decision boundaries in the environment of the input
samples.
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EXPERIMENTAL RESULTS

We examined the performance of our method under different attack methods,
and compared them to 3 other prominent defense methods — Input Gradient
regularization, Cross-Lipschitz regularization and adversarial training.

Results under the DeepFool attack on CIFAR-10 (p, 4, is the average proportion
between the norm of the minimal perturbation necessary to fool the network
and the norm of the corresponding original input):

Defense method Test accuracy Padv
No defense 88.79% 1.21x1072

Adversarial Training 88.88% 1.23x1072

Input Gradient regularization 88.56% 1.43x 1072

Input Gradient reg. & Adversarial Training 88.49% 2.17x1072

Cross-Lipschitz regularization 88.91% 2.08x107?
Cross-Lipschitz reg. & Adversarial Training 88.49% 4.04x 1072

Jacobian regularization 89.16% 3.42x1072

Jacobian reg. & Adversarial Training 88.49% 6.03 x1072

69



EXPERIMENTAL RESULTS - FGSM

" Results under FGSM attack on CIFAR-10 (test
accuracy for a test set of adversarial examples, € -
attack magnitude):

——No Adversarial Training - Cross-Lipschitz Regularization
——No Adversarial Training - Jacobian Regularization
No Adversarial Training - No Defense
No Adversarial Training - Input Gradient Regularization
Adversarial Training - Cross-Lipschitz Regularization
—— Adversarial Training - Jacobian Regularization
— Adversarial Training - No Defense
— Adversarial Training - Input Gradient Regularization
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EXPERIMENTAL RESULTS - JSMA

= Results under JSMA attack on CIFAR-10 (test
accuracy for a test set of adversarial examples, € -
attack magnitude):

——No Adversarial Training - Cross-Lipschitz Regularization
——No Adversarial Training - Jacobian Regularization

No Adversarial Training - No Defense

No Adversarial Training - Input Gradient Regularization

Adversarial Training - Cross-Lipschitz Regularization
— Adversarial Training - Jacobian Regularization

— Adversarial Training - No Defense

>
O
<
o
-
O
O
<
'_
(%]
i
'_

UAI Tutorial 71






INVERSE PROBLEMS

* We are given X = AZ + E

TN N

Given set of linear Unknown
measurements operator signal

e Standard technique for recovery
mZinIIX — AZ||, s.t Ze€Y

N\

. UnconStrainEd fOrm Z resides in a low
len”X — AZ”% 4 /‘lf(z) dimensional set ¥

N\

Regularization f is a penalty
parameter function
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£1 MINIMIZATION CASE

* Unconstrained form

min||X — AZ 5+ AlZ||4

* Can be solved by proximal gradient, e.g., iterative
shrinkage and thresholding technique (ISTA)

Zt+1 — wau (Zt N

Soft
thresholding )
operation

AT (X — Azt))

WU is the
step size



ISTA CONVERGENCE

* Reconstruction mean squared error (MSE) as a
function of the number of iterations
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LISTA

* |ISTA
M =y, (zt + uAT (X — AZt))
* Rewriting ISTA:
z1 =y, ( Zt + pA"X)
e Learned ISTA (LISTA):
Zt+1 — 111/1( Zt + X)

Learned
operators



LISTA CONVERGENCE

e Replacing I — uA" A and uA" in ISTA with the learned
W and S improves convergence
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LISTA AS A NEURAL NETWORK

Learned
linear S
operators
X € R? w + Y Z
- NYolj
X B AZ + E thresholding An estimate
operation of Z

-A A




ISTA

Iterative soft - 1 is the
thresholding [=pd A

step size
algorithm (ISTA)

X € RY — Al —@ Y Z
el
Step size 4 obeys thresholding
% > || Al operation
=i AL Minimizer of

mzi"HX - AZ|| + 4||Z]|,

Al Tutorial e



PROJECTED GRADIENT DESCENT (PGD)

I—uATA K is the

step size
X € R4 77 L Y Z

X =AZ + E Y projects onto Estimate of Z.
the set ¥’ Aim at solving

mzinHX — AZ||
s.t. f(Z) <R

f(Z) =R
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THEORY FOR PGD

* Theorem 8: Let Z € R%, f: R* — R a proper
function, f(Z) < R, C¢(Z) the tangent cone of f

at pointZ, A € Rde a random Gaussian matrix
and X = AZA+ E. Then the estimate of PGD at
iteration t, Z¢, obeys

12¢ = z|| < (r0) 121l

where p = sup  UT(I—pATA)V
UVeCs(Z)nB4
and k¢ = 11if f is convex and k; = 2 otherwise.



PGD CONVERGENCE RATE

= sup  UT(I — uATA)V is the convergence
UVeCr(Z)nBY
rate of PGD.
Let w be the Gaussian mean width of Cf(Z) N B4,
fu=—2r"~Lthenp = 1—0(““”).
(M{.ﬁ) d m+d

1 w
If u = Ethenp =N, (\/—m)
For the k-sparse model w? = 0(klog(d))
For GMM with k Gaussians w? = 0(k).

How may we cause w to become smaller for having a
oetter convergence rate?

Al Tutorial
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INACCURATE PROJECTION

* PGD iterations projectsonto Y = {Z:f(Z) < R}.
* Smaller Y = Smaller w.
—Faster convergence as

m-—-w w
T o )

* Let us assume that our signal belongs to a smaller set
Y ={Z:f(Z) < R} with® K w.

* |deally, we would like to project
onto Y instead of Y.

* This will lead to faster convergence.

 What if such a projection is not feasible?

Y

P

Y
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INACCURATE PROJECTION

 We will estimate the projection onto Y by
* Alinear projection P
* Followed by a projection onto Y

* Assumptions:
* lleoy(PZ)-Z]| < €

Projection of the target vector Z
onto P and thenonto Y
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INACCURATE PGD (IPGD)

P(I—MATA) U is the

step size

X € RY —uPA* — % () Z

X=AZ+E

Y projects onto Estimate of Z.
the set Y Aim at solving

mzinHX — AZ||
s.t. f(Z) <R

Y




THEORY FOR IPGD

* Theorem 9: Let Z € R%, f: R? — R a proper convex*
function, f(Z) < R, C¢(Z) the tangent cone of f at
point Z, A € R¥*™ 3 random Gaussian matrix and X

N AZ + E. Then the estimate of IPGD at iteration t,
Zt obeys

5 1- ‘
2t — 7|| < (<pp>t | 1_(p 2 é’) 1ZIl,
Pp

wherep, =  sup  UTP(I —uATA)PV
UVeCs(Z)nBA
and € = (2 + pple.

VAITRRAfe have a version of this theorem also when f is non-proper or non-convex function
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CONVERGENCE RATE COMPARISON

* PGD convergence:

(p)°
* IPGD convergence:
1— (pp)t
(pp)* (2 + pp)e
1—pp

(©)
(pp)t+€ — (pp)t < (p)t

(a)

(b)

IIIIIIIIIII



MODEL BASED COMPRESSED SENSING

* Y is the set of sparse vectors with sparsity patterns
that obey a tree structure.

* Projecting onto Y Improves convergence !
rate compared to projecting onto the set
of sparse vectors Y . 05 0.5

* The projection onto Y is more
demanding than onto Y. 025 025 025 0.25

* Note that the probability of selecting atoms from
lower tree levels is smaller than upper ones.

P will be a projection onto certain tree levels — zeroing
the values at lower levels.
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MODEL BASED COMPRESSED SENSING

UAI Tutorial

m—— PED K
— GO ree

m—— |PED 1 trea law

1 L == [PED 2 trea levels
T == = PGD 3 tree levels

== = |PFGD 4 tree levels

== = |PGD changing Iwrl.,_

10

15

il Fda ] a

t (Iteration Number)

Non-zeros picked
entries has zero mean
random Gaussian
distribution with
variance:

- 1 at first two levels

- 0.52 at the third level
- 0.22 at the rest of
the levels
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SPECTRAL COMPRESSED SENSING

* Y is the set of vectors with sparse representation
in a 2-times redundant DCT dictionary such that:

* We set P to be a pooling-like operation that keeps
in each window of size 3 only the largest value.
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SPECTRAL COMPRESSED SENSING

I E;Z'EI EI}.:IIZ' 2ol SEI::IE' BEAIEIIZ' 4EI;Z'EI 45-::"1' E-'ZI.E':I
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SPECTRAL COMPRESSED SENSING

* Y is the set of vectors with sparse representation
in a 4-times redundant DCT dictionary such that:

in each window of size 5 only the largest value.
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SPECTRAL COMPRESSED SENSING

mmm PGD
== |PGD

—y

—_-_

150 200 250 300
t (Iteration Number)




LEARNING THE PROJECTION

* If we have no explicit information about Y it might
oe desirable to learn the projection.

* Instead of learning P, it is possible to replace
P(I — uATA) and uPA" with two learned matrices
S and W respectively.

* This leads to a very similar scheme to the one of
LISTA and provides a theoretical foundation for the
success of LISTA.



Learned
linear
operators

X € R4

X=AZ+E

LEARNED IPGD

S

w + ),

Y projects onto
the set YV

Z

Estimate of Z.
Aim at solving

mzinHX — AZ||
s.t. f(Z) <R



SUPER RESOLUTION

* A popular super-resolution technique uses a pair of
low-res and high-res dictionaries

* The original work uses OMP with sparsity 3 to decode
the representation of patches in low-res image

* Then the representation is used to reconstruct the
patches of the high-res image

* We replace OMP with LIPGD with 3 levels but higher
target sparsity

* This leads to better reconstruction results (with up to
0.5dB improvement)
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LISTA

Learned
linear S
operators
X € R4 w ¥ Y Z
Y is a proximal .
X=AZ + E mapping. Estlmate on.
- U) = Aim at solving
( mmHX VAl
argmlnHU ZH
Zen! +1f(Z)

+Af(Z)



LISTA MIXTURE MODEL

e Approximation of the projection onto ¥;
with one linear projection may not
be accurate enough.

 This requires more LISTA layers/iterations.

* Instead, one may use several LISTA networks,
where each approximates a different part of X

* Training multiple LISTA networks
accelerate the convergence further. ~‘

alad



LISTA MIXTURE MODEL

—ISTA
——LISTA ]
- — LISTA-MM | |

-
N
|
('\]_t\l
N
<
|
=<
|
-
&
_|_

2
2

lx - az'|

30 40 50 60 70 80 90
t (iteration number)
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RELATED WORKS

* |n it is shown that a learning may
give a gain due to better preconditioning of A.

* |n a relation to the restricted isometry
oroperty (RIP) is drawn

* In a connection is drawn
to approximate message passing (AMP).

* |n and tied and

analytical weights are studied showing exponential
convergence under some conditions.

* All these works consider only the sparsity case
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< ™~ . _
Generalization
error depends
on the DNN
input margin
|

- L
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