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Abstract

In preference-based reinforcement learning
(RL), an agent interacts with the environ-
ment while receiving preferences instead of
absolute feedback. While there is increas-
ing research activity in preference-based RL,
the design of formal frameworks that ad-
mit tractable theoretical analysis remains an
open challenge. Building upon ideas from
preference-based bandit learning and poste-
rior sampling in RL, we present DUELING
POSTERIOR SAMPLING (DPS), which em-
ploys preference-based posterior sampling to
learn both the system dynamics and the un-
derlying utility function that governs the pref-
erence feedback. As preference feedback is
provided on trajectories rather than individ-
ual state-action pairs, we develop a Bayesian
approach for the credit assignment problem,
translating preferences to a posterior distri-
bution over state-action reward models. We
prove an asymptotic Bayesian no-regret rate
for DPS with a Bayesian linear regression
credit assignment model. This is the first re-
gret guarantee for preference-based RL to our
knowledge. We also discuss possible avenues
for extending the proof methodology to other
credit assignment models. Finally, we evaluate
the approach empirically, showing competitive
performance against existing baselines.

1 INTRODUCTION

Reinforcement learning (RL) agents interact with hu-
mans in many domains, from clinical trials (Sui et al.,
2018a) to autonomous driving (Sadigh et al., 2017) to
human-robot interaction (Kupcsik et al., 2018), and take
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human preferences as feedback. While many RL algo-
rithms assume the existence of a numerical reward sig-
nal, in settings involving humans, it is often unclear how
to define a reward signal that accurately reflects optimal
system-human interaction. For instance, in autonomous
driving (Basu et al., 2017) and robotics (Argall et al.,
2009; Akrour et al., 2012), users can have difficulty with
both specifying numerical reward functions and provid-
ing demonstrations of desired behavior. Moreover, a
misspecified reward function can result in “reward hack-
ing” (Amodei et al., 2016), in which undesirable actions
achieve high rewards. In such situations, the user’s pref-
erences could more reliably measure her intentions.

This work studies the problem of preference-based rein-
forcement learning (PBRL), in which the RL agent exe-
cutes a pair of trajectories of interaction with the environ-
ment, and the user provides (noisy) pairwise preference
feedback, revealing which of the two trajectories is pre-
ferred. Though the study of PBRL has seen increased
interest in recent years (Christiano et al., 2017; Wirth
et al., 2017), it remains an open challenge to design for-
mal frameworks that admit tractable theoretical analysis.
While the preference-based bandit setting—in which the
agent observes preferences between selected actions—
has seen significant theoretical progress (e.g., Yue et al.
(2012); Zoghi et al. (2014); Ailon et al. (2014); Szorényi
et al. (2015); Dudik et al. (2015); Zoghi et al. (2015);
Ramamohan et al. (2016); Wu and Liu (2016); Sui et al.
(2017, 2018b)), the PBRL setting is more challenging, as
the environment’s dynamics can stochastically translate
the agent’s policies for interaction (analogous to actions
in the bandit setting) to the observed trajectories.

In this paper, we present the DUELING POSTERIOR
SAMPLING (DPS) algorithm, which uses preference-
based posterior sampling to tackle PBRL in the Bayesian
regime. Posterior sampling (Thompson, 1933), also
called Thompson sampling, is a Bayesian model-based
approach to balancing exploration and exploitation,
which enables the algorithm to efficiently learn models



of both the environment’s state transition dynamics and
reward function. Previous work on posterior sampling
in RL (Osband et al., 2013; Gopalan and Mannor, 2015;
Agrawal and Jia, 2017; Osband and Van Roy, 2017) is
focused on learning from absolute rewards, while we
extend posterior sampling to both elicit and learn from
trajectory-level preference feedback.

To elicit preference feedback, at every episode of learn-
ing, DPS draws two independent samples from the pos-
terior to generate two trajectories. This approach is in-
spired by the Self-Sparring algorithm proposed for the
bandit setting (Sui et al., 2017), but has a quite different
theoretical analysis, as we need to incorporate trajectory-
level preference learning and state transition dynamics.

Learning from trajectory-level preferences is in general
a very challenging problem, as information about the re-
wards is sparse (often just one bit), is only relative to
the pair of trajectories being compared, and does not ex-
plicitly include information about actions within trajec-
tories. DPS learns from preference feedback by inter-
nally maintaining a Bayesian state-action reward model
that explains the preferences; this reward model is a solu-
tion to the temporal credit assignment problem (Akrour
et al., 2012; Zoghi et al., 2014; Szorényi et al., 2015;
Christiano et al., 2017; Wirth et al., 2016, 2017), i.e., de-
termining which of the encountered states and actions are
responsible for the trajectory-level preference feedback.

We developed DPS concurrently with an analysis
framework for characterizing regret convergence in the
episodic setting, based upon information-theoretic tech-
niques for bounding the Bayesian regret of posterior
sampling (Russo and Van Roy, 2016). We mathemat-
ically integrate Bayesian credit assignment and prefer-
ence elicitation within the conventional posterior sam-
pling framework, evaluate several credit assignment
models, and prove a Bayesian asymptotic no-regret rate
for DPS with a Bayesian linear regression credit assign-
ment model. To our knowledge, this is the first PBRL ap-
proach with theoretical guarantees. We also demonstrate
that DPS delivers competitive performance empirically.

2 RELATED WORK

Posterior sampling. Balancing exploration and ex-
ploitation is a key problem in RL. In the episodic learn-
ing setting, the agent typically aims to balance explo-
ration and exploitation to minimize its regret, i.e., the
gap between the expected total rewards of the agent and
the optimal policy. Posterior sampling, first proposed in
Thompson (1933), is a Bayesian model-based approach
toward achieving this goal, which iterates between (1)
updating the posterior of a Bayesian environment model

and (2) sampling from this posterior to select the next
policy. In both the bandit and RL settings, posterior sam-
pling has been demonstrated to perform competitively in
experiments and enjoy favorable theoretical regret guar-
antees (Osband and Van Roy, 2017; Osband et al., 2013;
Agrawal and Jia, 2017; Chapelle and Li, 2011).

Our approach builds upon two existing posterior sam-
pling algorithms: Self-Sparring (Sui et al., 2017) for
preference-based bandit learning (also known as duel-
ing bandits (Yue et al., 2012)) and posterior sampling
RL (Osband et al., 2013). Self-Sparring maintains a pos-
terior over each action’s reward, and in each iteration,
draws multiple samples from this posterior to “duel” or
“spar” via preference elicitation. For each set of sampled
rewards, the algorithm executes the action with the high-
est reward sample, obtaining new preferences to update
the model posterior. Sui et al. (2017) prove an asymp-
totic no-regret guarantee for Self-Sparring with indepen-
dent Beta-Bernoulli reward models for each action.

Within RL, posterior sampling has been applied to the
finite-horizon setting with absolute rewards to learn
Bayesian posteriors over both the dynamics and rewards.
Each posterior sample yields models of both dynamics
and rewards, which are used to compute the optimal pol-
icy for the sampled system. This policy is executed to
get a roll-out trajectory, used to update the dynamics and
reward posteriors. In Osband et al. (2013), the authors
show an expected regret of O(hS+/ATlog(SAT)) after
T time-steps, with finite time horizon h and discrete state
and action spaces of sizes S and A, respectively.

Our theoretical analysis studies the Bayesian linear re-
gression credit assignment model, which most closely
resembles Bayesian reward modeling in the linear bandit
setting (Abbasi-Yadkori et al., 2011; Agrawal and Goyal,
2013; Abeille and Lazaric, 2017). While both the PBRL
and linear bandit settings apply Bayesian linear regres-
sion to recover model parameters, PBRL additionally re-
quires learning the dynamics, determining policies via
value iteration, and receiving feedback as preferences be-
tween trajectory pairs.

Several regret analyses in the linear bandit domain
(Abbasi-Yadkori et al., 2011; Agrawal and Goyal, 2013;
Abeille and Lazaric, 2017) rely upon martingale con-
centration properties introduced in Abbasi-Yadkori et al.
(2011), and depend upon a bound that is not applicable
in the preference-based setting (see Appendix C). Intu-
itively, these analyses assume that the agent learns about
rewards with respect to every observation’s feature vec-
tor. In contrast, the preference-based setting assumes that
only the difference in the total rewards of two trajectories
affects human preferences. Thus, while the algorithm in-
curs regret with respect to every sampled trajectory, only



differences between compared trajectory feature vectors
yield information about rewards.

Our regret analysis takes inspiration from the
information-theoretic ~ perspective on  Thompson
sampling introduced in Russo and Van Roy (2016),
a framework for quantifying Bayesian regret in terms of
the information gained at each step about the optimal
action. This analysis focuses upon upper-bounding the
information ratio, which quantifies the trade-off between
exploration (via the information gain) and exploitation
(via the instantaneous regret) at each step. Several
studies (Zanette and Sarkar, 2017; Nikolov et al., 2018)
consider extensions of this work to the RL setting, but
to our knowledge, it has not previously been applied
toward preference-based learning.

Preference-based learning. Previous work on PBRL
has shown successful performance in a number of ap-
plications, including Atari games and the Mujoco envi-
ronment (Christiano et al., 2017), learning human prefer-
ences for autonomous driving (Sadigh et al., 2017), and
selecting a robot’s controller parameters (Kupcsik et al.,
2018; Akrour et al., 2014). Yet, to our knowledge, the
PBRL literature still lacks theoretical guarantees.

Much of the existing work in PBRL handles a distinct
setting from ours. While we seek online regret minimiza-
tion, several existing algorithms minimize the number of
preference queries (Christiano et al., 2017; Wirth et al.,
2016). Such algorithms, for instance those which apply
deep learning, typically assume that many simulations
can be cheaply run between preference queries. In con-
trast, our setting assumes that experimentation is as ex-
pensive as preference elicitation; this could include such
domains as adaptive experiment design and human-robot
interaction without well-understood human dynamics.

Existing approaches for trajectory-level preference-
based RL may be broadly divided into three categories
(Wirth, 2017): a) directly optimizing policy parameters
(Wilson et al., 2012; Busa-Fekete et al., 2013; Kupc-
sik et al., 2018); b) modeling action preferences in each
state (Fiirnkranz et al., 2012); and c) learning a utility
function to characterize the rewards, returns, or values of
state-action pairs (Wirth and Fiirnkranz, 2013a,b; Akrour
et al., 2012; Wirth et al., 2016; Christiano et al., 2017).
In c), the utility is often modeled as linear in the trajec-
tory features. If those features are defined in terms of
visitations to each state-action pair, then utility directly
corresponds to the total (undiscounted) reward.

We adopt the third of these paradigms: PBRL with
underlying utility functions. By inferring state-action
rewards from preference feedback, one can derive
relatively-interpretable reward models and employ such

methods as value iteration. In addition, utility-based
approaches may be more sample efficient compared to
policy search and preference relation methods (Wirth,
2017), as they extract more information from each ob-
servation. Notably, Wilson et al. (2012) learn a Bayesian
model over policy parameters, and sample from its pos-
terior to inform actions. From existing PBRL meth-
ods, their algorithm perhaps most resembles ours; how-
ever, compared to utility-based approaches, policy search
methods typically require either more samples or expert
knowledge to craft the policy parameters (Wirth et al.,
2017; Kupcsik et al., 2018).

Beyond RL, preference-based learning has been the sub-
ject of much research. The bandit setting (Yue et al.,
2012; Zoghi et al., 2014; Ailon et al., 2014; Szorényi
et al., 2015; Dudik et al., 2015; Zoghi et al., 2015; Ra-
mamohan et al., 2016; Wu and Liu, 2016; Sui et al., 2017,
2018b) is closest, as it is essentially a single-state variant
of RL. Other settings include: active learning (Sadigh
etal., 2017; Houlsby et al., 2011; Eric et al., 2008), which
is focused exclusively on learning an accurate model
rather than maximizing utility of decision-making; learn-
ing with more structured preference feedback (Radlinski
and Joachims, 2005; Shivaswamy and Joachims, 2012;
Raman et al., 2013; Shivaswamy and Joachims, 2015),
where the learner receives more than one bit of informa-
tion per preference elicitation; and batch supervised set-
tings such as learning to rank (Herbrich et al., 1999; Chu
and Ghahramani, 2005; Joachims, 2005; Burges et al.,
2005; Yue et al., 2007; Burges et al., 2007; Liu, 2009).

3 PROBLEM STATEMENT

Preliminaries. We consider fixed-horizon Markov De-
cision Processes (MDPs), in which rewards are re-
placed by preferences over trajectories. This class
of MDPs can be represented as a tuple, M =
(S, A, ¢,p,po, h), where the state space S and action
space A are finite sets with cardinalities S and A, re-
spectively. The agent episodically interacts with the en-
vironment in length-A roll-out trajectories of the form
7 = {s1, a1, 82, a2, ...,8n, Qn, Spe1}. In the i iter-
ation, the agent executes two trajectory roll-outs 7;; and
T;2 and observes a preference between them; we use the
notation 7 > 7’ to indicate a preference for trajectory 7
over 7’. The initial state is sampled from pg, while p de-
fines the transition dynamics: s¢11 ~ p(+|S¢, at). Finally,
the function ¢ captures the preference feedback genera-
tion mechanism: ¢(7,7') := P(r = 7') € [0, 1].

A policy, m : § x {1,...,h} — A, is a (possibly-
stochastic) mapping from states and time indices to ac-
tions. In each iteration ¢, the agent selects two policies,
m;1 and 7;2, which are rolled out to obtain trajectories 7;1



and ;5 and preference label y;. We represent each tra-
jectory as a feature vector, where the features record the
number of times each state-action pair is visited. In it-
eration ¢, rolled-out trajectories 7;; and 7;5 correspond,
respectively, to feature vectors x;1, ;2 € R9, where
d := SA is the total number of state-action pairs, and
the k™ element of x;;, j € {1,2}, is the number of times
that 7;; visits state-action pair k. The preference for iter-
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ation ¢ is denoted y; := I[7,,»7,,] — 5 € {—5, 5 1> Where
I} denotes the indicator function, so that P (y; = §) =
1—P(yi=—1%) = ¢(ri2,71) — 3; there are no ties in

any comparisons. Lastly, we define ; := x;5 — x;1.

Our analysis builds upon two main assumptions. Firstly,
we assume the existence of underlying utilities, quanti-
fying the user’s satisfaction with each trajectory:
Assumption 1. Each trajectory T has utility T(7), which
decomposes additively: (1) = Z?zl T(s¢, at) for the
state-action pairs in 7. Defining ¥ € R? as the vector
of all state-action rewards, T7(T) can also be expressed in
terms of T’s state-action visit counts x: 7(T) = 7. x.
Secondly, we assume that the utilities 7(7) are stochas-
tically translated to preferences via the noise model ¢,
such that the probability of observing 7,0 > 71 is a
function of the difference in their utilities. Intuitively,
the greater the disparity in two trajectories’ utilities, the
more accurate the user’s preference between them:

Assumption 2. P(r2 > Ti1) = &(Tie, 1) =
9(7(1i2) — 7(131)) + % = gF xip — Tlan) + %
where g : R — [—3, 1] is a link function such that
a) g is non-decreasing, and b) g(x) = —g(—x) to en-

sure that P(t > 7') = 1 — P(r' > 7). Note that
if 7(r) = 7(7'), we have P(t = 7') = %, and that
P(Tig - Til) > % = g(FTlii) >0 FT(EiQ > FTSEM.

For noiseless preferences, gigea(z) := Ijz50) — % Al-
ternatively, the logistic or Bradley-Terry link function
is defined as giog(z) := [1 + exp(—z/c)]~! — 3 with
“temperature” ¢ € (0,00). Our theoretical analysis
assumes the linear link function (Ailon et al., 2014):
Gin(x) := cx, for ¢ > 0 and z € [72%,2%] Then,
E[yz] = P(Tig - 7'2'1) 7% = CFT(a:iQ — :132'1). With-
out loss of generality, we set ¢ = 1 by subsuming c into
7. Denote the observation noise associated with g, on

iteration i as 7;, such that y; = ¥~ (x;0 — xs1) + ;.

Given a policy 7, we can define the standard RL value
function as the expected total utility when starting in state
s at step j, and following 7:

h

Vei(s) =E | Y T(se,m(se,t) | s;=s|. (D

t=j

The optimal policy 7* is then defined as one

that maximizes the expected value over all input
states: 7 = sup, . .sPo(s5)Vr1(s). Note that
Es,~po [Var,1(51)] = Er(r,m) [F(7)]. Given fully spec-
ified dynamics and rewards, p and 7, it is straight-
forward to apply standard dynamic programming ap-
proaches such as value iteration to arrive at the optimal
policy under p and 7. The learning goal, then, is to infer p
and 7 to the extent necessary for good decision-making.

Learning problem. We quantify the learning agent’s
performance via its cumulative 7-step Bayesian regret
relative to the optimal policy:

[T/(2h)]
E[REG(T)] = IE{ DD pols)[2Vaea(s)
i=1 sES
_Vﬂ'z‘l-,l(s) _Vﬂ’m,l(s)]}' 2

To minimize regret, the agent must balance exploration
(collecting new data) with exploitation (behaving op-
timally given current knowledge). Over-exploration
of bad trajectories will incur large regret, and under-
exploration can prevent convergence to optimality. In
contrast to the standard regret formulation in RL, at each
iteration we measure regret of both selected policies.

Assumptions. We make two further assumptions. The
first imposes a regularity condition upon the noise 7;:
Assumption 3. The label noise 1; = y; — 7+ x; is condi-

tionally R-sub-Gaussian, that is, there exists R > 0 such
thatV )\ € R:

E [e/\”"’

N2 R?
$1,...,$1‘_1,771,...,77i_1]Sexp( >

Note that bounded, zero-mean noise lying in an interval
of length at most 2R is R-sub-Gaussian, and that sub-
Gaussianity requires E[n; | ®1,..., %01, ..., 0i—1] =
0 (Abbasi-Yadkori et al., 2011). Since y; € {—3,%}
and Ely; |@;] = 7l a; € [—3, 3], we must have n; €
[-1,1]. Thus, n; is R-sub-Gaussian with R < 1, pro-
vided that E[n; | 1, ..., @, m1,...,1mi—1] = 0. The lat-

ter holds by the assumption that E[y; | ;] = 7~ ;.

Assumption 4. For some known S, < oo, ||[F||a < S,

Additional notation. For random variables X and X,

D .
n € N, X, — X denotes that X,, converges to X in

distribution. For € R? and positive definite matrix
B € R¥*? we define the norm ||z|| g := VT Bz.

4 ALGORITHM

As outlined in Algorithm 1, DUELING POSTERIOR
SAMPLING (DPS) iterates among three steps: (a) sam-
pling two policies 7;1, ;2 from the Bayesian posteriors



Algorithm 1 DUELING POSTERIOR SAMPLING (DPS)
Ho = 0 {Initialize history}
Initialize prior for f, {Initialize state transition model}
Initialize prior for f, {Initialize utility model}
fori:=1,2,...do
i1 <= ADVANCE(fp, fr)
Ti2 <— ADVANCE(fp, fr)
Sample trajectories 7;1 and 72 from 7;1 and 7,2
Observe feedback yi = I(7,p5r,1) — 3
Hi = Hio1 U (T, Ti2, ¥i)
fps fr = FEEDBACK(Hi, fp, [r)
end for

of the dynamics and utility models (ADVANCE — Algo-
rithm 2); (b) rolling out 7;; and ;5 to obtain trajecto-
ries 7;1 and 7;2, and receiving a preference y; between
them; and (c) updating the posterior (FEEDBACK — Al-
gorithm 3). In contrast to conventional posterior sam-
pling with absolute feedback, DPS samples two poli-
cies rather than one at each iteration and solves a credit
assignment problem to learn from feedback.

ADVANCE (Algorithm 2) samples from the Bayesian
posteriors of the dynamics and utility models to select
a policy to roll out. The sampled dynamics and utilities
form an MDP, for which value iteration derives the opti-
mal policy 7 under the sample. One can also view 7 as a
random function whose randomness depends on the sam-
pling of the dynamics and utility models. In the Bayesian
setting, it can be shown that 7 is sampled according to its
posterior probability of being the optimal policy 7*. In-
tuitively, peaked (i.e., certain) posteriors lead to less vari-
ability when sampling 7, which implies less exploration,
while diffuse (i.e., uncertain) posteriors lead to greater
variability when sampling 7, implying more exploration.

FEEDBACK (Algorithm 3) updates the Bayesian posteri-
ors of the dynamics and utility models based on new data.
Updating the dynamics posterior is relatively straight-
forward, as we assume that the dynamics are fully-
observed; we model the dynamics prior via a Dirich-
let distribution for each state-action pair, with conju-
gate multinomial observation likelihoods. In contrast,
performing Bayesian inference over state-action utilities
from trajectory-level feedback is much more challeng-
ing. We consider a range of approaches (see Appendix
B), and found Bayesian linear regression (Section 4.1)
to both perform well and admit tractable analysis within
our theoretical framework.

4.1 BAYESIAN LINEAR REGRESSION FOR
UTILITY INFERENCE AND CREDIT
ASSIGNMENT

Credit assignment is the problem of inferring which
state-action pairs are responsible for observed trajectory-

Algorithm 2 ADVANCE: Sample policy from dynamics
and utility models
Input: fp, fr
Sample p ~ fp(-) {Sample MDP transition dynamics pa-
rameters from posterior }
Sample 7 ~ f-(-) {Sample utilities from posterior}

Compute 7 = argmax, V(p,7) {Value iteration yields
sampled MDP’s optimal policy }
Return

Algorithm 3 FEEDBACK: Update dynamics and utility
models based on new user feedback
Input: history H, fp, fr
Apply Bayesian update to fp, given H {Update dynamics
model given history }
Apply Bayesian update to f,, given H {Update utility model
given preferences}
Return fp, fr

level preferences. We detail a Bayesian linear regression
approach to addressing this task in our setting.

Let n be the number of iterations, or trajectory pairs, ob-
served so far. Then, the maximum a posteriori (MAP)
estimate of the rewards 7 is calculated via ridge regres-
sion, similarly to algorithms for the linear bandit setting:

n—1

P, = M;l Z Y;x;, Where 3)
i=1
n—1
M, =M + ZwiwiT, and A > 1. @)
i=1

We perform Thompson sampling as in Agrawal and
Goyal (2013) and Abeille and Lazaric (2017), such that
in iteration n, rewards are sampled from the distribution:

1, Tna ~ N (P, Bn(6)? M, 1), where (5)
det(M,)1/2\—d/2
6n(5)R\/210g( ) >+ﬁ5r
14 L2n
< R,|dlog <+5‘“> +VAS,,

and where 0 € (0, 1) is a failure probability and for all n,
[|Zn||2 < L. Note that L < 2h, since ||z, |2 = ||Tn2 —
Zn1ll2 <|[®n2 — Tn1llt < ||@n2lli + [|®n1|l1 = 25

The factor 3,,(0), introduced in Abbasi-Yadkori et al.
(2011), is critical to deriving the theoretical guarantees
for posterior sampling with linear bandits in Agrawal
and Goyal (2013) and Abeille and Lazaric (2017), due
to their dependence on Theorems 1 and 2 of Abbasi-
Yadkori et al. (2011). Our analysis invokes these results
as well. Both of the theorems require any noise in the la-
bels y,, to be sub-Gaussian; in our case, sub-Gaussianity



holds by Assumption 3, as we adopted the linear prefer-
ence noise model with link function gj;,.

Our theoretical analysis is quite different from that for
linear bandits in Agrawal and Goyal (2013) and Abeille
and Lazaric (2017), because in our setting, observations
x,, are differences of trajectory feature vectors, policies
are chosen via value iteration, and trajectories are ob-
tained by rolling out RL policies while subject to the en-
vironment’s state transition dynamics.

S THEORETICAL RESULTS

This section sketches our analysis of the asymptotic
Bayesian regret of DPS under a Bayesian linear regres-
sion credit assignment model. Appendix A details the
full proof, while Appendix B.4 discusses possible future
extensions to additional credit assignment models.

The analysis follows three main steps: 1) we prove that
DPS is asymptotically-consistent, that is, the probability
with which DPS selects the optimal policy approaches
1 over time (Appendix A.1); 2) we asymptotically bound
the one-sided Bayesian regret for m;» under the set-
ting where, at each iteration ¢, DPS only selects policy
m;2, while policy 7;; is sampled from a fixed distribu-
tion over policies (Appendix A.2); and lastly, 3) we as-
sume DPS selects policy 72, while the ;7 -distribution
is drifting but converging, and then we asymptotically
bound the one-sided regret for 7;2 (Appendix A.3). Due
to the asymptotic consistency shown in 1), the policies
are indeed sampled from converging distributions, and
so the asymptotic regret rate in 3) holds.

This outline is inspired by the analysis for Self-Sparring
(Sui et al., 2017); however, because their guarantee is
for dueling bandits with independent Beta-Bernoulli re-
ward models for each action, the details of our analysis
are completely different from theirs. Below, we give in-
tuition for each of the three portions of the proof.

Asymptotic consistency of DPS. To prove that DPS is
asymptotically consistent, we first prove that samples of
the dynamics and reward parameters converge in distri-
bution to their true values:

Proposition 1. The sampled dynamics converge in dis-
tribution to their true values as the DPS iteration in-
creases.

Proof sketch. Applying standard concentration inequal-
ities to the Dirichlet dynamics posterior, one can show
that the sampled dynamics converge in distribution to
their true values if every state-action pair is visited
infinitely-often. The latter condition can be proven via
contradiction: assuming that certain state-action pairs
are visited finitely-often, DPS does not receive new in-

formation about their rewards. Examining their reward
posteriors, we show that DPS is guaranteed to eventu-
ally sample high enough rewards in the unvisited state-
actions that its policies will attempt to reach them.

We also show that with high probability, the sampled re-
wards exhibit aymptotic consistency:

Proposition 2. With probability 1 — 6, where § is a
parameter of the Bayesian linear regression model, the
sampled rewards converge in distribution to the true re-
ward parameters, T, as the DPS iteration increases.

Proof sketch. We leverage Theorem 2 from Abbasi-
Yadkori et al. (2011) (Lemma 4 in Appendix A.4): under
stated conditions and for any 6 > 0, with probability 1—¢
and for all ¢ > 0, ||7; — 7||ar, < B:(9). This result de-
fines a high-confidence ellipsoid, which can be linked to
the posterior sampling distribution. We demonstrate that
it suffices to show that all eigenvalues of the posterior co-
variance matrix, (3;(0 )2]\/[; L converge in distribution to
zero. This statement is proven via contradiction: we an-
alyze the behavior of posterior sampling if this does not
hold. The probability of failure § comes entirely from
Theorem 2 in Abbasi-Yadkori et al. (2011).

From the asymptotic consistency of the dynamics and re-
ward samples, it is straightforward to show that the sam-
pled policies converge to the optimal policy:

Theorem 1. With probability 1 — 6, the sampled poli-
cies T;1, T2 converge in distribution to the optimal pol-
icy, ™, as i — oo. That is, P(m;1 = 7*) — 1 and
P(mp =7*) — lasi — oo.

Bounding the one-sided regret under a fixed ;-
distribution. To analyze the Bayesian regret of DPS,
we adapt the information-theoretic posterior sampling
analysis in Russo and Van Roy (2016) to the PBRL set-
ting. In comparison to Russo and Van Roy’s work, this
requires accounting for preference feedback and incor-
porating state transition dynamics. Their analysis hinges
upon defining a quantity called the information ratio,
which captures the trade-off between exploration and ex-
ploitation. In our setting, we define the information ratio
corresponding to the one-sided regret of ;o as:

Eily; — yil?
Li(m*; (mi2, Tit, Tiz, @iz — i1, Yi))

Pi =

where y; is the label in iteration ¢, y; is the label in it-
eration ¢ given m;z = 7*, I(-;-) denotes mutual infor-
mation, and the subscripts ¢ in E;[-] and I;(-; -) indicate
conditioning upon the history, as formalized in Appendix
A.2. The ratio I'; is between the squared instantaneous
one-sided regret of 7;2 (exploitation) and the information
gained about the optimal policy (exploration).



When ;7 is drawn from a fixed distribution, we show
that analogously to Russo and Van Roy (2016), the
Bayesian one-sided regret E[REG2(T")] for ;2 can be
bounded in terms of an upper bound on I';:

Lemma 12. If I'; < T almost surely for each i €
{1,..., N}, where N is the number of DPS iterations
(over which the policies ;o take T' = N h actions), then:

E[REG2(T)] = E[REG2(Nh)] < \/TH(7*)N,

where H(m*) is the entropy of the optimal policy 7*.
Because there are at most AS" deterministic policies,
H(7*) < log|AS"| = Shlog A. Substituting this,

E[REG:(T)] < \/fShN log A = \/fSTlog A.

We show that I'; can be asymptotically upper-bounded
such that lim;_ ... I'; < %, and consequently:

Theorem 2. [f the policy ;1 is drawn from a fixed dis-
tribution for all 1, then for the competing policy o,
DPS achieves a one-sided asymptotic Bayesian regret

rate ofS\/%,

The bounds in Lemma 12 and Theorem 2 are asymp-
totic rather than finite-time, due to the convergence in
distribution of the dynamics. If the dynamics are known
a priori, then these would be finite-time guarantees; in
fact, to prove Lemma 12, we first show that under known
dynamics, I'; < % for all 7, and then extend the anal-
ysis to prove that under converging dynamics, the result
still holds asymptotically. Note that in the PBRL set-
ting, it is significantly more difficult to learn the rewards
via credit assignment than to learn the dynamics, which
are assumed to be fully-observed. Thus, in practice, we
expect that DPS would learn the dynamics much faster
than the rewards, and so it is reasonable to consider con-
vergence of the dynamics model only asymptotically.

Bounding the one-sided regret under a converging
m;1-distribution. Finally, we assume that the distribu-
tion of 7;; is no longer fixed, but rather converges to
some fixed distribution over deterministic policies. To
asymptotically bound the one-sided regret incurred by
w2, we leverage that when two discrete random vari-

ables converge in distribution, such that X, £> X
and Y,, £> Y, their mutual information also converges:
lim,, 0 I(X,,,Y,,) = I(X,Y). This fact allows us to
bound the one-sided regret for ;2 as follows:

Lemma 17. Assume that the sampling distribution of ;1
converges to a fixed probability distribution. Then, the
information ratio I; corresponding to m;s’s one-sided re-
gret E[REG (T)] satisfies lim; o, T'; < 2.

Combining Lemma 17 with the asymptotic consistency
of sampled policies as shown in Theorem 1, P(m;; =
7*) — 1, yields our main theoretical result:

Theorem 3. With probability 1 — 0, where § is a parame-
ter of the Bayesian linear regression model, the expected
Bayesian regret E[REG(T')] of DPS achieves an asymp-

totic rate of S+/2AT log A.

Discussion. The specific theoretical results presented
yield a high-probability asymptotic Bayesian no-regret
rate for DP'S under Bayesian linear regression credit as-
signment. The proof consists of first demonstrating that
the algorithm is asymptotically consistent, and then ana-
lyzing its information ratio to characterize the Bayesian
regret. We adopted this information-theoretic perspec-
tive because we found it more amenable to preference-
based feedback than other prevalent methods from the
linear bandits literature.

In particular, while several existing regret analyses for
posterior sampling with linear bandits (Agrawal and
Goyal, 2013; Abeille and Lazaric, 2017) are based upon
martingale concentration properties derived in Abbasi-
Yadkori et al. (2011), we found that these techniques
cannot readily extend to the preference-feedback setting
(Appendix C). These linear bandit analyses assume that
each observation x; that incurs regret contributes fully
toward learning the rewards. In contrast, we assume that
while regret is incurred with respect to the observations
i1, X;2, learning occurs only with respect to observation
differences, x; = x;5 — x;1. In preference-based learn-
ing settings, it is common to make such assumptions as
P(ri2 > 1i1) = g(xi2 — x41), for some function g. In
comparison to the martingale-based techniques, the in-
formation ratio provides a more direct method for quanti-
fying the trade-off between exploration and exploitation.

Theoretically analyzing other credit assignment models,
in addition to Bayesian linear regression, is an important
direction for future work. We conjecture that our proof
methodology could extend toward other asymptotically-
consistent credit assignment models. Indeed, recent
work (Dong and Van Roy, 2018) has analyzed the in-
formation ratio for more general link functions, includ-
ing for logistic bandits. It would be interesting to study
the information ratio’s behavior under general link func-
tions, as well as to characterize its relationship to the dy-
namics model’s convergence. It would also be interest-
ing to develop methodology for extending the analysis to
achieve finite-time convergence guarantees.

6 EXPERIMENTS

We validate the empirical performance of DPS in three
simulated domains with varying degrees of preference
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Figure 1: Empirical performance of DPS; each simulated environment is shown under the two least-noisy user pref-
erence models evaluated. The plots show DPS with three credit assignment models: Gaussian process regression
(GPR), Bayesian linear regression, and a Gaussian process preference model. PSRL is an upper bound that receives
numerical rewards, while EPMC is a baseline. Plots display the mean +/- one standard deviation over 100 runs of each
algorithm tested. The remaining user noise models are plotted in Appendix D. For RiverSwim and Random MDPs,
normalization is with respect to the total reward achieved by the optimal policy. Overall, we see that DPS performs
well and is robust to the choice of credit assignment model.

noise and using three alternative credit assignment mod-
els. We find that DPS generally performs well and com-
pares favorably against standard PBRL baselines.

Experimental setup. We evaluate on three simulated en-
vironments: RiverSwim and random MDPs (described
in Osband et al. (2013)) and the Mountain Car prob-
lem as detailed in Wirth (2017). The RiverSwim envi-
ronment has six states and two actions (actions 0 and
1); the optimal policy always chooses action 1, which
maximizes the probability of reaching a goal state-action
pair. Meanwhile, a suboptimal policy—yielding a small
reward compared to the goal—is quickly and easily dis-
covered and incentivizes the agent to always select action
0. The algorithm must demonstrate sufficient exploration
to have hope of discovering the optimal policy quickly.

In the second environment, we generate random MDPs
with 10 states and 5 actions. The transition dynamics and
rewards are respectively generated from Dirichlet (all pa-
rameters set to 0.1) and exponential (rate parameter =
5) distributions. These distribution parameters were cho-

sen to generate MDPs with sparse dynamics and rewards.
For each random MDP, the sampled reward values were
shifted and normalized so that the minimum reward is
zero and their mean is one.

Thirdly, in the Mountain Car problem, an under-powered
car in a valley must reach the top of a hill by accelerat-
ing in both directions to build its momentum. The state
space is two-dimensional (position and velocity), while
there are three actions (left, right, and neutral). Our im-
plementation begins each episode in a uniformly-random
state and has a maximum episode length of 500. We dis-
cretize the state space into 10 states in each dimension.
Each episode terminates either when the car reaches the
goal or after 500 steps, and rewards are -1 in every step.

In each environment, preferences between trajectory
pairs were generated by (noisily) comparing their to-
tal accrued rewards; this reward information was hidden
from the learning algorithm, which observed only the tra-
jectory preferences and state transitions. For trajectories
7, and 7; with total rewards 7(7;) and 7(7;), we con-



sider two models for generating preferences: a) a logistic
model, P(; = 7;) = {1+ exp[— (F(r;) — 7(r;)) /c]} .
and b) a linear model, P(r; > 7;) = (F(1y) — 7(75))/c,
where in both cases, the temperature ¢ controls the de-
gree of noisiness. In the linear case, c is assumed to be
large enough that P(7; > 7;) € [0,1]. Note that in ties
where 7(7;) = 7(7;), preferences are uniformly-random.

Methods compared. We evaluate DPS under three
credit assignment models (Appendix B): 1) Bayesian
linear regression, 2) Gaussian process regression, and
3) a Gaussian process preference model. User noise
generated via the logistic model has noise levels: ¢ €
{10,2,1,0.001} for RiverSwim and random MDPs and
¢ € {100,20,10,0.001} for the Mountain Car. We se-
lected higher values of ¢ for the Mountain Car because
|7(7;) — 7(7;)| has a wider range. Additionally, we eval-
uate the linear preference noise model with ¢ = 2hAT,
where A7 is the difference between the maximum and
minimum element of 7 for each MDP; this choice of ¢
guarantees that P(r; > 7;) € [0,1], but yields noisier
preferences than the logistic noise models considered.

As discussed in Section 2, many existing PBRL algo-
rithms handle a somewhat distinct setting from ours, as
they assume access to a simulator between preference
queries and/or prioritize minimizing preference queries
rather than online regret. As a baseline, we evaluate
the Every-Visit Preference Monte Carlo (EPMC) algo-
rithm with probabilistic credit assignment (Wirth and
Fiirnkranz, 2013b; Wirth, 2017). While EPMC does
not require simulations between preference queries, it
has several limitations, including: 1) the exploration
approach always takes uniformly-random actions with
some probability, and thus, the authors’ plots do not de-
pict online reward accumulation, and 2) EPMC assumes
that compared trajectories start in the same state. Lastly,
we compare against the posterior sampling RL algorithm
(PSRL) from Osband et al. (2013), which receives the
true numerical rewards at each step, and thus upper-
bounds the achievable performance of a preference-
based algorithm.

Results. Figure 1 depicts performance curves for
the three environments, each with two noise models
(Appendix D contains additional results and details).
DPS performs well in all simulations, and significantly
outperforms the EPMC baseline. In RiverSwim, most
credit assignment models perform best in the second-to-
least-noisy case (logistic noise, ¢ = 1), since it is harder
to escape the local minimum under the least-noisy prefer-
ences. We also see that DPS is competitive with PSRL,
which has access to the full cardinal rewards at each
state-action. Additionally, while our theoretical guaran-
tees for DP S assume fixed-horizon episodes, the Moun-

tain Car results demonstrate that it also succeeds with
variable episode lengths. Finally, the performance of
DPS is robust to the choice of credit assignment model,
and in fact using Gaussian processes (for which we do
not have an end-to-end regret analysis) often leads to
the best empirical performance. These results suggest
that DPS is a practically-promising approach that can
robustly incorporate many models as subroutines.

7 CONCLUSION

This work investigates the preference-based reinforce-
ment learning problem, in which an RL agent receives
comparative preferences instead of absolute real-valued
rewards as feedback. We develop the DUELING POS-
TERIOR SAMPLING (DPS) algorithm, which optimizes
policies in a highly efficient and flexible way. To our
knowledge, DPS is the first preference-based RL algo-
rithm with a regret guarantee. DPS also performs well in
our simulations, making it both a theoretically-justified
and practically-promising algorithm.

There are many directions for future work. Assumptions
governing the user’s preferences, such as requiring an un-
derlying utility model, could be relaxed. It would also
be interesting to extend our theoretical analysis to addi-
tional credit assignment approaches and to pursue finite-
time guarantees. We expect that DPS would perform
well with any asymptotically-consistent reward model
that sufficiently captures users’ preference behavior, and
hope to develop models that are tractable with larger state
and action spaces. For instance, incorporating kernelized
input spaces could further improve sample efficiency.

Acknowledgments

This work was supported by NIH grant EBO07615 and
an Amazon graduate fellowship.

References

Y. Abbasi-Yadkori, D. Pél, and C. Szepesvari. Improved algo-
rithms for linear stochastic bandits. In NeurIPS, 2011.

M. Abeille and A. Lazaric. Linear Thompson sampling revis-
ited. Electronic Journal of Statistics, 11(2), 2017.

S. Agrawal and N. Goyal. Thompson sampling for contextual
bandits with linear payoffs. In /ICML, 2013.

S. Agrawal and R. Jia. Optimistic posterior sampling for rein-
forcement learning: Worst-case regret bounds. In NeurIPS,
2017.

N. Ailon, Z. Karnin, and T. Joachims. Reducing dueling bandits
to cardinal bandits. In /CML, 2014.

R. Akrour, M. Schoenauer, and M. Sebag. APRIL: Active pref-
erence learning-based reinforcement learning. In Joint Euro-
pean Conference on Machine Learning and Knowledge Dis-
covery in Databases. Springer, 2012.



R. Akrour, M. Schoenauer, M. Sebag, and J.-C. Souplet. Pro-
gramming by feedback. In ICML, volume 32, 2014.

D. Amodei, C. Olah, J. Steinhardt, P. Christiano, et al. Concrete
problems in Al safety. arXiv preprint, 2016.

B. D. Argall, S. Chernova, M. Veloso, and B. Browning. A
survey of robot learning from demonstration. Robotics and
autonomous systems, 57(5), 2009.

C. Basu, Q. Yang, D. Hungerman, M. Sinahal, and A. D. Dra-
gan. Do you want your autonomous car to drive like you?
In Int. Conf. on Human-Robot Interaction. IEEE, 2017.

P. Billingsley. Convergence of probability measures. John Wi-
ley & Sons, 1968.

C. Burges, T. Shaked, E. Renshaw, A. Lazier, M. Deeds, et al.
Learning to rank using gradient descent. In ICML, 2005.

C. J. Burges, R. Ragno, and Q. V. Le. Learning to rank with
nonsmooth cost functions. In NeurIPS, 2007.

R. Busa-Fekete, B. Szorényi, P. Weng, W. Cheng, and
E. Hiillermeier. Preference-based evolutionary direct policy
search. In ICRA Workshop on Autonomous Learning, 2013.

O. Chapelle and L. Li. An empirical evaluation of Thompson
sampling. In NeurIPS, 2011.

P. F. Christiano, J. Leike, T. Brown, et al. Deep reinforcement
learning from human preferences. In NeurIPS, 2017.

W. Chu and Z. Ghahramani. Preference learning with Gaussian
processes. In ICML, 2005.

T. M. Cover and J. A. Thomas. Elements of information theory.
John Wiley & Sons, 2012.

S. Dong and B. Van Roy. An information-theoretic analysis for
Thompson sampling with many actions. In NeurlPS, 2018.

S. Dong, T. Ma, and B. Van Roy. On the performance of
Thompson sampling on logistic bandits. In COLT, 2019.

M. Dudik, K. Hofmann, R. E. Schapire, A. Slivkins, and
M. Zoghi. Contextual dueling bandits. In COLT, 2015.

B. Eric, N. D. Freitas, and A. Ghosh. Active preference learn-
ing with discrete choice data. In NeurIPS, 2008.

J. Fiirnkranz, E. Hiillermeier, W. Cheng, et al. Preference-based
reinforcement learning: A formal framework and a policy
iteration algorithm. Machine learning, 89(1-2), 2012.

A. Gopalan and S. Mannor. Thompson sampling for learning
parameterized Markov decision processes. In COLT, 2015.

R. Herbrich, T. Graepel, and K. Obermayer. Support vector
learning for ordinal regression. In International Conference
on Artificial Neural Networks, volume 1. IET, 1999.

N. Houlsby, F. Huszar, et al. Bayesian active learning for clas-
sification and preference learning. arXiv, 2011.

T. Jaksch, R. Ortner, and P. Auer. Near-optimal regret bounds
for reinforcement learning. Journal of Machine Learning
Research, 11, 2010.

T. Joachims. A support vector method for multivariate perfor-
mance measures. In /ICML. ACM, 2005.

A. Kupcesik, D. Hsu, and W. S. Lee. Learning dynamic robot-to-
human object handover from human feedback. In Robotics
research. Springer, 2018.

T.-Y. Liu. Learning to rank for information retrieval. Founda-
tions and Trends®) in Information Retrieval, 3(3), 2009.

N. Nikolov, J. Kirschner, et al. Information-directed explo-
ration for deep reinforcement learning. arXiv, 2018.

I. Osband and B. Van Roy. Why is posterior sampling better
than optimism for reinforcement learning? In /ICML, 2017.

1. Osband, D. Russo, et al. (More) efficient reinforcement learn-
ing via posterior sampling. In NeurIPS, 2013.

F. Radlinski and T. Joachims. Query chains: Learning to rank
from implicit feedback. In SIGKDD. ACM, 2005.

S. Y. Ramamohan, A. Rajkumar, and S. Agarwal. Dueling ban-
dits: Beyond Condorcet winners to general tournament so-
lutions. In NeurIPS, 2016.

K. Raman, T. Joachims, P. Shivaswamy, and T. Schnabel. Sta-
ble coactive learning via perturbation. In /CML, 2013.

C. E. Rasmussen and C. K. Williams. Gaussian processes for
machine learning. The MIT Press, 2(3):4, 2006.

D. Russo and B. Van Roy. An information-theoretic analysis
of Thompson sampling. The Journal of Machine Learning
Research, 17(1), 2016.

D. Sadigh, A. D. Dragan, S. Sastry, and S. A. Seshia. Active
preference-based learning of reward functions. In Robotics:
Science and Systems, 2017.

P. Shivaswamy and T. Joachims. Online structured prediction
via coactive learning. In ICML, 2012.

P. Shivaswamy and T. Joachims. Coactive learning. Journal of
Artificial Intelligence Research, 53, 2015.

Y. Sui, V. Zhuang, J. W. Burdick, and Y. Yue. Multi-dueling
bandits with dependent arms. In UAZ 2017.

Y. Sui, V. Zhuang, J. Burdick, et al. Stagewise safe Bayesian
optimization with Gaussian processes. In ICML, 2018a.

Y. Sui, M. Zoghi, K. Hofmann, and Y. Yue. Advancements in
dueling bandits. In IJCAI 2018b.

B. Szorényi, R. Busa-Fekete, A. Paul, and E. Hiillermeier. On-
line rank elicitation for Plackett-Luce: A dueling bandits ap-
proach. In NeurIPS, 2015.

W. R. Thompson. On the likelihood that one unknown proba-
bility exceeds another in view of the evidence of two sam-
ples. Biometrika, 25(3/4), 1933.

A. Wilson, A. Fern, et al. A Bayesian approach for policy learn-
ing from trajectory preference queries. In NeurIPS, 2012.

C. Wirth. Efficient Preference-based Reinforcement Learning.
PhD thesis, Technische Universitét, 2017.

C. Wirth and J. Fiirnkranz. EPMC: Every visit preference
Monte Carlo for reinforcement learning. In Asian Confer-
ence on Machine Learning, 2013a.

C. Wirth and J. Fiirnkranz. A policy iteration algorithm for
learning from preference-based feedback. In International
Symposium on Intelligent Data Analysis. Springer, 2013b.

C. Wirth, J. Firnkranz, and G. Neumann. Model-free
preference-based reinforcement learning. In AAAI, 2016.

C. Wirth, R. Akrour, G. Neumann, and J. Fiirnkranz. A survey
of preference-based reinforcement learning methods. The
Journal of Machine Learning Research, 18(1), 2017.

H. Wu and X. Liu. Double Thompson sampling for dueling
bandits. In NeurlIPS, 2016.

Y. Yue, T. Finley, et al. A support vector method for optimiz-
ing average precision. In Int. SIGIR conf. on research and
development in information retrieval. ACM, 2007.



Y. Yue, J. Broder, et al. The k-armed dueling bandits problem.
Journal of Computer and System Sciences, 78(5), 2012.

A. Zanette and R. Sarkar. Information directed reinforcement
learning. Technical report, Technical report, 2017.

M. Zoghi, S. Whiteson, et al. Relative upper confidence bound
for the k-armed dueling bandit problem. In /CML, 2014.

M. Zoghi, Z. S. Karnin, S. Whiteson, and M. De Rijke.
Copeland dueling bandits. In NeurIPS, 2015.



APPENDICES

A DERIVATION OF THE ASYMPTOTIC REGRET RATE

As outlined in Section 5, the analysis follows three main steps:

1. Prove that DPS is asymptotically-consistent, that is, over time, the probability that DPS selects the optimal
policy approaches 1 (Appendix A.1).

2. Assume that in each iteration 4, policy 7;; is drawn from a fixed distribution while policy ;5 is selected by DPS.
Then, asymptotically bound the one-sided regret rate for ;2 (Appendix A.2).

3. Assume that policy ;7 is drawn from a drifting but converging distribution while policy ;5 is selected by DPS.
Then, asymptotically bound the one-sided regret rate for m;> (Appendix A.3).

Finally, Appendix A.4 combines these results to asymptotically bound the expected regret rate.

A.1 ASYMPTOTIC CONSISTENCY OF DPS

We show asymptotic consistency of DPS in three parts: 1) samples from the model posterior over transition dynamics
parameters converge in distribution to the true transition probabilities; 2) samples from the reward posterior converge
in distribution to the true utilities; and 3) consequently, the sampled policies converge in distribution to the optimal
policy.

State transition dynamics are modeled independently for each state-action pair. For a given state-action pair, a Dirichlet
model estimates the probability of transitioning to each possible subsequent state. The prior and posterior distributions
are both Dirichlet; because the Dirichlet and multinomial distributions are conjugate, each state-action pair’s posterior
can be updated easily using the observed transitions from that state-action. Each time that DPS draws a sample
from the dynamics distribution, values are sampled for all S?A transition parameters, {P(s;41 = §'|s; = s,a; =

a)|s,s’" € S,a € A}

Notation. This section uses the following notation. Let p € RS54 be the vector containing all true state transition
. ~ ~ 2 .
dynamics parameters, { P(s;11 = s'|s; = s,a; = a)|s,s' € S,a € A}. Let p;1, Pi2 € RS 4 be the two posterior
samples of the transition dynamics p in iteration 7. Similarly, 7 € R34 is the vector of true reward parameters, while
Ti1,Tio € R54 are posterior samples of 7 in iteration <. For a random variable X and a sequence of random variables
D e . P

(X,),n € N, X,, — X denotes that X,, converges to X in distribution, while X,, — X denotes that X,, converges
to X in probability. Notation for the value function and for policies given by value iteration follows.

Definition 1 (Value function given transition dynamics, rewards, and a policy). Define V (p, r, ) as the value function
over a length-h episode—i.e., the expected total reward in the episode—under transition dynamics p € R® 2A, rewards
r € R4, and policy 7:

V(p,r,m) = Zpo(s)E

seS

h
ZF(Shﬂ-(Sht)) §1 = Saﬁ = va = 7;| -
t=1

Definition 2 (Optimal deterministic policy given transition dynamics and rewards). Define m,;(p,7) =
argmax, V (p,r, ) as the optimal deterministic policy given transition dynamics p € R5*A and rewards r € RSA
(breaking ties randomly if multiple deterministic policies achieve the maximum). Note that m,;(p,r) can be found
via finite-horizon value iteration: defining Vy (s) as in (1), set Vy p+1(8) := 0 for each s € S and use the Bellman

equation to calculate V. ;(s) successively fort € {h,h —1,...,1} given p and r:

m(s,t) = argmax,¢ 4 [r(s, a) + Z P(syy1 =5 | st = s,a; = a)Vﬂ,H_l(s/)] ,
s'eS

Vei(s) = Z Lir(s,t)=a] lr(s, a) + Z P(sii1 =88 =s,a; = a)VTr,t+1(8/)] .

acA s'eS



As value iteration results in only deterministic policies, of which there are finitely-many (more precisely, there are
ASh), the maximum argument 7,;(p,r) := argmax, V (p,r, 7) is taken over a finite policy class.

Finally, we define notation for the eigenvectors and eigenvalues of the matrix M; := A\ + 22;11 x,xi (see Equation
4).

Definition 3 (Eigenvalue notation). Let )\(i) refer to the j"-largest eigenvalue of M;, and v(i) denote its corresponding
(2)

eigenvector. Note that Mi also has eigenvectors v;”’, with corresponding eigenvalues —; )\ . Because M; is positive

definite, the eigenvectors {vj(-l)} form an orthonormal basis, and )\§-Z) > 0 foralli,j.

We demonstrate convergence in distribution of the sampled transition dynamics parameters. First, Lemma 1 shows that
if every state-action pair is visited infinitely-often, the desired result holds. Then, Lemma 3 completes the argument
by showing that DPS indeed visits each state-action pair infinitely-often.

Lemma 1. [f every state-action pair is visited infinitely-often, then the sampled transition dynamics parameters con-

e . - - D __ . D e
verge in distribution to their true values: p;1,D;2 — D as t —» 0o, where — denotes convergence in distribution.

Proof. Denote the d = S A state-action pairs as 31, . .., 55. Ata particular DPS episode, let n; be the number of visits
to 3; and n,, be the number of observed transitions from 3, to the k™ subsequent state. For the j™ state-action pair at
iteration ¢, let T)(j ), f)(j), ﬁ(-j), p’ () € RS be the true, sampled, MAP, and maximum likelihood dynamics parameters,
respectively (hiding the dependency on the DPS episode 71 or ¢2 for the latter three quantities); thus, [ﬁ(j )] , denotes
the true probability of transitioning from state-action pair s; to the k™ state, and analogously for the k™ elements of
P9, pl9) and p'9). Then, from the Dirichlet model,

Nk + QK0

S b)
nj+ =1 Xm0

[A(j)]k —

where the prior for pY) is =t Q1,05 - - ajs o]T for user-defined hyperparameters a0 > 0. Meanwhile,

m=1 Qim0

the maximum likelihood is given by [p'())];, = m (this is equivalent to [p(7)],, except with the prior parameters

set to zero). Consider the sampled dynamics at state-action pair 5;. For any € > 0,

P(Hﬁ(]) _ﬁ(j)Hl > 5) — P(”p’(]) _p‘(j) _|_ﬁ( J) _p’(J) +p 51(5) _ﬁ(j)l‘l > E)

(a) ny Ny Ny ~ iy
< P(|BY) = pV |l + (1Y = p' Dl + 1" =D > ¢)
() A € . G €
< P(Hp(J) Ol U Hp(J) 9 > < U 15D — 59|, > 5)
< (I - s > )+P(||p<ﬂ>—p’<7>|\1 > )+ P(IpY =N > ). ©

where (a) holds due to the triangle inequality and (b) follows from the union bound. For each term in (6), we will
upper-bound the quantity in terms of n; and show that it decays as n; — oo, that is, as s; is visited infinitely-often.
For the first term, we will achieve this bound via Chebyshev’s inequality:

(||p(y) —p9D||y > ) <P (LSJ {‘[ﬁ(y‘)}k 9], ‘ }) @ ZP(‘ 50, — [ (j)]k‘ > %)

Zi: ar[p(ﬂ}

where (a) follows from the union bound and (b) is an application of Chebyshev’s inequality. For a Dirichlet variable

I/\@

X with parameters (o, ..., ag), ax > 0 for each k, the variance of the k™ component X}, is given by:
(1 — Gy 1 1
Varx = -0 1. 1
1+ Zm:l Qm 2 1+ Zm:l Qm



where Gy = =z —. In the DPS algorithm, V) is drawn from a Dirichlet distribution with parameters

D1 Om
(ajl’ . _7%,5) = (%‘170 + 141, Q550 F njs), and so,
1 1 1 1 1 ! !
Var [B9] < 30 ———— = 5+ —== SEREES - |
2 1 +Zm:1 Ojm 2 1 +Zm:1(ajm;0 +’I’ij) 2 1 +Em:1 Ttjm 2(1 +nj)
and so,
s
, , 952 1 95°
p( S50 _ 5@, > f) < = = :
159 =PVl > 5 ) <> " — 2(1+n;)  2e2(1+ny)

k=1

Considering the second term in (6),

s s
. . I . . £ (a) : I
p( NS ,) <p {’ NOIYO) ‘> 7} < p( AN, _ 1) 7>
189 =5V > o) <P U BT = 9k| > 555 | = D P(|BVh BV > 55
k=1 k=1
S
(%) ZP (%‘ho + Zsm—l Qjm,0 > 5) 7
k=1 nj 4+ =1 Xm0 35
where (a) holds via the union bound and (b) follows for n; > 1 because when n; > 1:
S
5(7) S| — | Tk ko Nk k.0 ik D me1 %im.0
[p ]k - [p }k - S - | = S - S
nj+ 3 me1 Gmo nj+ 3 a1 @mo 1+ 300 Xmo)
S
< k0 Lk D1 @m0 ko ot O, 0
T Y im0 T M Y gm0 My Y Qim0

For the third term in (6), we apply the following concentration inequality for Dirichlet variables (see Appendix C.1 in
Jaksch et al. (2010)):

‘ 2
PP - P > 2) < (2° = 2)exp (55 ).

Therefore:

) ) g2
P -l 2 5) < @0 - e (1),

Thus, to upper-bound (6), for any £ > 0:

S 2

iy iy j +Z —1 ¥jm,0 € e
PP — 5D, > +Z k.0 m=1 M2 > ) 4+ (29 - 2)ex ( L )

(||P PV > )— 252 n]—i-l nj_i_zfn:lajm,o — 35 ( ) exp 18

On the right hand side, the first and third terms clearly decay as n; — oo. The middle term is identically zero for
n; large enough, since the o1 ¢ values are user-defined constants. Given this inequality, it is clear that for any £ > 0,
asn; — oo, P(||p\9) — Y| > g) — 0. If every state-action pair is visited infinitely-often, then n; — oo for
each j, and so p) converges in probability to pv): po) N Y. Convergence in probability implies convergence
in distribution, the desired result. O

To continue proving that DPS’s model of the transition dynamics converges, we next prove the intermediate result
that the magnitude of the reward MAP estimate, ||#,]|2, is uniformly upper-bounded:

Lemma 2. Across all n > 1, there exists some b < oo such that estimated reward at DPS trial n is bounded by b:
||7'An||2 < b.



Proof. Recall that the MAP reward estimate 7, is the solution to a ridge regression problem:

n—1 n—1
1
#, = arginf,, ;(w?r—yi)%wll% = arginf, ;[(w?r—yi)“MAIIr@ NG

We will prove the desired result by contradiction. Assuming that there exists no upper bound b, we will identify a
subsequence (#,,,) of MAP estimates whose lengths increase unboundedly, but whose directions converge. Then, we
will show that such vectors fail to minimize the objective in (7), achieving a contradiction.

Because there exist finitely-many state-action pairs, there are finitely-many possible length-/ trajectories. Hence, the
vector x; in Equation (7) can take finitely-many possible values. The binary labels y; take values in {75, 5} Note
that for r = 0, (x7'r — y;)*> + L \[|r||3 = . We prove the desired statement by contradiction: assume that there is

no b < oo such that ||7,,||2 < bforall n. Then the sequence 71, 72, . . must have a subsequence indexed by (n;) such

that lim; _, ||, ||2 = oo. Consider the sequence of unit vectors H = H This sequence lies within the compact
set of unit vectors in R?, and so it must have a convergent subsequence; we index this subsequence of the sequence

(ni) by (n;;). Then, the sequence (7;,) is such that lim;_, ||#;||2 = oo and lim; W = Pyunit, Where

Funit € R? is a fixed unit vector.

For any x; such that |2 7, # 0, lim,,, oo (2T #,, —y;)? = 00, and so the corresponding terms in (7) approach
J "]
infinity. However, a lower value of the optimization objective in (7) can be realized by replacing #,, with the
J

assignment » = 0. Meanwhile, for any x; such that |7 #| = 0, replacing #,, with » = 0 would also decrease the

value of the optimization objective in (7). Therefore, for large j, » = 0 results in a smaller objective function value

than 7,,, . This is a contradiction, and so the elements of the sequence #,,, cannot have arbitrarily-large magnitudes.
J "]

Thus, the elements of the original sequence 7; also cannot become arbitrarily large, and ||7;|| < bforsome b < co. [

To finish proving convergence of the transition dynamics Bayesian model, we show that every state-action pair is
visited infinitely-often.

Lemma 3. Under DPS, every state-action pair is visited infinitely-often.

Proof. The proof proceeds by assuming that there exists a state-action pair that is visited only finitely-many times.
This assumption will lead to a contradiction': once this state-action pair is no longer visited, the reward model posterior
is no longer updated with respect to it. Then, DPS is guaranteed to eventually sample a high enough reward for this
state-action that the resultant policy will prioritize visiting it.

First we note that DPS is guaranteed to reach at least one state-action pair infinitely often: given our problem’s finite
state and action spaces, at least one state-action pair must be visited infinitely-often during DPS execution. If all state-
actions are not visited infinitely-often, there must exist a state-action pair (s, a) such that s is visited infinitely-often,
while (s, a) is not. Otherwise, if all actions are selected infinitely-often in all infinitely-visited states, the finitely-
visited states are unreachable (in which case these states are irrelevant to the learning process and regret minimization,
and can be ignored). Without loss of generality, we label this state-action pair (s, a) as §;. To reach a contradiction, it
suffices to show that s, is visited infinitely-often.

Let r1 be the reward vector with a reward of 1 in state-action pair 51 and rewards of zero elsewhere. From Definition
2, myi(P, 1) is the policy that maximizes the expected number of visits to §; under dynamics p and reward vector ry:

771)1’(17)7 1"1) - argmaxWV(ﬁ, T1, 77)7

where V (P, r1, ) is the expected total reward of a length-h trajectory under p, 71, and 7, or equivalently (by definition
of 1), the expected number of visits to state-action 5.

"Note that in finite-horizon MDPs, the concept of visiting a state finitely-many times is not the same as that of a transient state
in an infinite Markov chain, because: 1) due to a finite horizon, the state is resampled from the initial state distribution po(s) every
h timesteps, and 2) the policy—which determines which state-action pairs can be reached in an episode—is also resampled every
h timesteps.



We next show that there exists a p > 0 such that P(m = m,;(p,71)) > p for all possible values of p. That is, for
any sampled parameters P, the probability of selecting policy m,;(p, 1) is uniformly lower-bounded, implying that
DPS must eventually select 7,; (D, 71).

Let 7; be the sampled reward associated with state-action pair §; in a particular DPS episode, for each state-action
j e {1,...,d}, with d = SA. We show that conditioned on p, there exists v > 0 such that if 7; exceeds
max{vfa, VT3, ..., 07}, then value iteration returns the policy 7,;(P, 1), which is the policy maximizing the ex-
pected amount of time spent in 5;. This can be seen by setting v := p%, where h is the time horizon and p; is the
expected number of visits to §; under 7,;(p, 71 ). Under this definition of v, the event {71 > max{vfs, v7s, ..., v7q}}
is equivalent to {71 p1 > hmax{7y, 73, ...,74}}; the latter inequality implies that given p and 7, the expected reward
accumulated solely in state-action s; exceeds the reward gained by repeatedly (during all & time-steps) visiting the
state-action pair in the set {§s, ..., §4} having the highest sampled reward. Clearly, in this situation, value iteration
results in the policy 7, (D, 71).

Next we show that v = p’% is continuous in the sampled dynamics p by showing that p; is continuous in p. Recall

that p; is defined as expected number of visits to §; under 7,;(p, 71). This is equivalent to the expected reward for
following 7,; (P, r1) under dynamics p and rewards r;:

P11 = V(ﬁ7 rl77rvi(ﬁarl)) = mf‘XV(ﬁ7 ’l”l,ﬂ'). (8)

The value of any policy 7 is continuous in the transition dynamics parameters, and so V(p, rq, ) is continuous in p.
The maximum in (8) is taken over the finite set of deterministic policies; because a maximum over a finite number of
continuous functions is also continuous, p; is continuous in p.

Next, recall that a continuous function on a compact set achieves its maximum and mlnlmum values on that set. The
set of all possible dynamics parameters p is such that for each state-action pair j, Z b1 Pjr = 1 and pj > 0V k; the
set of all possible vectors p is clearly closed and bounded, and hence compact. Therefore, v achieves its maximum
and minimum values on this set, and so for any P, v € [Umin, Vmax], Where vmin > 0 (v is nonnegative by definition, and
v = 0 is impossible, as it would imply that 5 is unreachable).

Then, P(7m = 7,;(P, 1)) can then be expressed in terms of v and the parameters of the reward posterior. Firstly,

d
P(tq > vrj) H[l — P(r1 —vr; <0)].

=2

P(Tr = in(ﬁ, rl)) > P(fl > max{vfg,vfg, .. .,’de}

u::]&

In the n'" DPS iteration, the sampled rewards are drawn from a jointly Gaussian posterior: # ~ N (,u("), E(")) for
some p(™ and %™, where [u(™]; = ,u&m and 2] = E;Z). Then, (7, — vF;) ~ N(u{™ — vuén), »(m 4
0225?) — 2@25?)), so that:

(n) (n) d (n) (n)

d
_ + ous — v
P(ﬂ-nl - W?)i(ﬁa 7’1)) 2 | I 1 — (I) Ml ’LLJ = | I (I) Ml MJ
=2 \/EY{) + ’U2Z§-?) — 21}257;) j=2 \/qu) + 1)22;?) - 21}2&7;)

©))
where @ is the standard Gaussian cumulative distribution function. For the right-hand expression in (9) to have a lower
bound greater than zero, the argument of ®(-) must be lower-bounded. It suffices to upper-bound the numerator’s
magnitude and to lower-bound the denominator above zero for each product factor j and over all iterations n.

The numerator can be upper-bounded using Lemma 2. Since (™ is equal to the MAP reward estimate at iteration n,
||1™)]|]2 < b, and so |u(n)| |p§n)| < b. Because 0 < v < Umay, |1 — vpj] < |u§n)| + v|u§")| < (1 + Umax)b.

To lower-bound the denominator, first note that the reward model’s posterior covariance is equal to 3, (4 )QMH* L with
M,, and 3,,(6) as defined in Equations (4) and (5), respectively; however, because 3, (6)? is non-decreasing in n, it
suffices to prove the statement while ignoring the /3,,(6)? factor. Thus, to prove this lemma, we can set (") := M1,

Letw; € R? be a vector with 1 in the first position, —v in the 5™ position for some j € {2,.. ., d}, and zero elsewhere:

w; = [1,0,...,0,—v,0,...,0]%. (10)



The denominator in (9) can be expressed in terms of w;: %{}) + ’UQZE-?) - 2v2§7;) = w! LW w;. Recall from Def-

inition 3 that the eigenvectors of $(™ are v{™

v'"™, with corresponding ei 1 </\(”))_1 ()\(n)>_1
e Vg s ponding eigenvalues ( A} v (Mg _

We can write w; in terms of the orthonormal basis formed by the eigenvectors {'v,g") }:

d
w; =Y Vv, (11)
k=1

for some coefficients agcn) € R. Using (11), the square of the denominator in (9) can now be written as:

d d d
1 T
E)(ﬁ) + 1)22];?) — 2v§)§?) = w]TEJ(")wj = ( E a](ﬂn)v,i")T> ( E )\(n) 'vl(")vl( L)T> ( E a(")vﬁg)>

k=1 =1\ m=1
a) o 21 O 2 ]

23 (@) 2 (k) o (12)
k=1 )\k )\ko

where equality (a) follows by orthonormality of the eigenvector basis, and (b) holds for any ko € {1,...,d} due to

positivity of the eigenvalues (A1) ~!. Therefore, to show that the denominator is bounded away from zero, it suffices

2 -1
to show that for every n, there exists some kg such that (a;’z)) ( )\](;;')) is bounded away from zero.

To prove the previous statement, note that by definition of M,,, the eigenvalues ()\,(C"))_l are non-increasing in n.

Below, we will show that for any eigenvalue ()\,(Cn))_l such that limn_,oo(/\é”))_l = 0, the first element of its

corresponding eigenvector, {vé")} , also converges to zero. Since the first element of w; equals 1, (10) implies that
1

there must exist some kg such that [’U,(JOL)} —~ 0 and a,(cz) is bounded away from 0. If these implications did not hold,

then w; would not have a value of 1 in its first element, contradicting its definition. These observations imply that for

n)

every n, there must be some kg such that as n — oo, ()\l(€0 )~ -~ 0 and ag;) is bounded away from zero.

Let X,, denote the observation matrix after n — 1 observations: X,, := [:l:l - wn,l]T. Then, »nn) = M;l =
(XTX, + M)~!. The matrices M ! and X! X,, have the same eigenvectors. Meanwhile, for each eigenvalue
()\E"))*l of M1, XT X,, has an eigenvalue l/i(n) = )\gn) — A > 0 corresponding to the same eigenvector. We aim
to characterize the eigenvectors of M, 1 whose eigenvalues approach zero. Since these eigenvectors are identical to
those of X' X,, whose eigenvalues approach infinity, we consider the latter instead.

We assume that all finitely-visited state-action pairs (including S;) occur in the first m < n — 1 iterations. Without loss
of generality, we index these finitely-visited state-action pairs from 1 to r > 1, so that the finitely-visited state-actions
are: {81,892, - ,5.}. Let Xy, € R™*4 denote the matrix containing the first m rows of X,,, while X,,11., €
R7—mXd denotes the remaining rows of X,,. With this notation,

n—1

T T T T
Xp X = E zix; = X Xim + Xop1mXmtim.
i=1

Because the first 7 state-action pairs, {51, S, - , §, }, are unvisited after iteration m, the first r elements of x; are
zero for all ¢ > m. Therefore, X 3,; +1:nX m+1:n can be written in the following block matrix form:

O Orx(d—
XT X = rXT rx(d—r)
mALinAmtln O(dfr)xr An ’
where O, denotes the all-zero matrix with dimensions a x b. The matrix A,, includes elements that are unbounded
as n — oo. In particular, the diagonal elements of A,, approach infinity as n — oo. We can write X/ X,, in the
following block matrix form:

XL Ximl 1 [XE X1om] (1rrsr: B C
Xy X = X Xtan + X1 Xt = [[ B S AT
n Lm L mALin Hh [X17:77LX1:m](r+1:d,1:r) [lesz1:7rz](r+1:d7r+1:d)+An CT D,

|\



where M(,.p,c.q) denotes the submatrix of M obtained by extracting rows a through b and columns c through d.
Matrices B and C' only depend upon X7.,,, and so are fixed as n increases, while matrix D,, contains values that grow
towards infinity with increasing n. In particular, all elements along D,,’s diagonal are unbounded. Intuitively, in the
limit, B and C are close to zero compared to D,,, and X, g X,, (when normalized) increasingly resembles a matrix in
which only the bottom-right block is nonzero. This intuitive notion is formalized next.

(n)

i

(n)

Consider an eigenpair ('vz("), Vi(")) of X}; Xy, such that lim,, ., v;’ = co. We show that the first element of v;

T
must approach 0. Let v\ = {zf”)T qgn)T} , where 2™ € R™ and ¢/ € R"~1-™, We see that:
_|B C Bz" +Cq” | _ ) |2"

K2

(n)
n zZ;
(XX, 0" = XT'X, [ )

zi(n)
a\"

K2

Dividing both sides by VZ-(n),

1 (n) (n)
T i B e (B2 + cql”) e
I/i(") n ql(n) y.(ln (CTZZ(n) + anfn)) qi(n)
In the upper matrix block: lim, Vi(”) = o0, B and C are fixed as n increases, and zfn) and ql(") have upper-

(n)

bounded elements because v; ’ is a unit vector. Thus, lim,, 2™ = lim,, o ﬁ (le(n) + C’qin)) = 0. In
v

)

7
n)

particular, the first element of zZ(" converges to zero, and so the same is true of vi

As justified above, this result implies that for each iteration n, there exists an index kg € {1,...,d} such that the
right-hand side of (12) has a lower bound above zero. This completes the proof that the denominator of the fraction in
(9) does not decay to zero. As a result, there exists some p > 0 such that P(m = 7,;(p,r1)) > p > 0.

In consequence, DPS is guaranteed to infinitely-often sample pairs (p, 7) such that 71 = 7,;(p,r1). As a result,
DPS infinitely-often samples policies that prioritize reaching 3; as quickly as possible. Such a policy always takes
action a in state s. Furthermore, because s is visited infinitely-often, either a) po(s) > 0 or b) the infinitely-visited
state-action pairs include a path with a nonzero probability of reaching s. In case a), since the initial state distribution is
fixed, the MDP will infinitely-often begin in state s under the policy m = 7,;(p, 1), and so §; will be visited infinitely-
often. In case b), due to Lemma 1, the transition dynamics parameters for state-actions along the path to s converge
to their true values (intuitively, the algorithm knows how to reach s). In episodes with the policy m = (P, 71),
DPS is thus guaranteed to reach §; infinitely-often. Since DPS selects m,;(p, 1) infinitely-often, it must reach §;
infinitely-often. This presents a contradiction, and so every state-action pair must be visited infinitely-often. O

Thus, by the direct combination of Lemmas 1 and 3, we arrive at the following result.
Proposition 1. Under DPS, the sampled dynamics P;1,Dio converge in distribution to the true dynamics:

- - D _ D e
Di1, Dio — D, where — denotes convergence in distribution.

Next, we show that the sampled rewards converge in distribution to their true values. Our analysis will use Theorem 2
from Abbasi-Yadkori et al. (2011), which is repeated below. Recall that Eq.s (3)-(4) define the MAP reward estimate.
Lemma 4 (Theorem 2 from Abbasi-Yadkori et al. (2011)). Let {F;}32, be a filtration. Let {n;}5°, be a real-valued
stochastic process such that v; is F;-measurable and n; is conditionally R-sub-Gaussian for some R > 0. Let {x;} be
an R%-valued stochastic process such that x; is F;_1-measurable. Define y; := x 1 T+, and assume that ||[7||y < S,
and ||z;||2 < L. Then, for any § > 0, with probability at least 1 — 6, for all i > 0, ||#; — F||ar, < Bi(9), where:

M:)1/2)\—d/2 14 L2
Bi(8) = R\/Qlog (det( 1)5 A ) +VAS, < R, |dlog (?) + VS,

Note that in the present case, L < 2h, since:

(@) (®)
||$7H2 = Ha?zQ —m2‘1||2 < H-’BiQ —$11||1 < ||3312H1 + Hl’zl||1 = 2h,



where (a) holds because ||x||2 < ||z||; for any € R?, and (b) holds because ;1 and ;> each count an episode’s
Visits to every state-action pair, and so their elements are non-negative integers summing to h.

Proposition 2. With probability 1 — §, where 0 is a parameter of the Bayesian linear regression model, the sampled

R e - - D _ .
rewards T;1, ;2 converge in distribution to the true reward parameters, 71, T2 — T, as i — Q.

Proof. This is a direct implication of Lemmas 5 and 11, both proven below. O

(52 D . ) . . . D .
Lemma 5. ff 20" D, 0as i1 —> oo, where )\(Z) is the minimum eigenvalue of M; and — denotes convergence in

N2 d & g
d

distribution, then 71, T2 L7 with probability 1 — 6.

Proof. From Lemma 4, with probability at least 1 — 4, #; belongs to a confidence ellipsoid centered at 7: ||7; —7||ps, <

Bi(0). We show that under this high-probability event, 7;1, 72 L7 Similarly to the high-probability confidence
ellipsoid from Lemma 4, the Thompson sampling covariance matrix is also defined by 3;(d) and M;:

Fir, Fio ~ NP5, Bi(0)*M;). (13)
Letting z; ~ N (0, I) be independent for each i, we can equivalently express 7;; (and similarly, 7;2) as:
1
71 =7 + Bi(0)M; ® 2, (14)

since the random variable in (14) has the same distribution as (13). The quantity ||#;; — #;|| s, can be rewritten as:

Bi(O)M; *zi|| = 51'(5)\/%TM;§M¢M;§Z¢ = Bi(9)]|zi2-

i = #llar, = | .

Because the probability distribution of ||z;||2 is fixed, there exists some fixed a > 0 such that with probability at least
1 =14, ||zi]|2 < a. So, for each i, with probability at least 1 — 4,

[|Fi1 — Pillas, = Bi(6)]]zill2 < Bi()a.

Assuming that the high-probability event in Lemma 4 occurs, we combine the previous inequality with ||7#; — 7||as, <
B:(9) to obtain that for each ¢, with probability at least 1 — 6,

I[P = 7llag, < 1P — Pillag, + [P0 = 7l < (a+1)8:(9).

Squaring both sides and dividing by £3;(9) yields that for each i, with probability at least 1 — ¢,

1 _ _ _
W(rﬂ — T)TMi<Ti1 — ’I“) < (a =+ 1)2.
K3
@ )
By assumption, % L4 50 asi — oo. Recall from Definition 3 that v](.l), j €{1,...,d}, represent the eigenvec-

(

tors of M; corresponding to the eigenvalues A ji). Then, with probability at least 1 — § for each i:

1 1

7(1‘511 — F)TMi(Fil — F) = 7(7‘511 — F)T )\(l)v(l)va (Fil - F)
B:(6)2 B:(6)2 ; g
LS (7 7)) < (@t 1)? (15)
= : T —T) v; < (a+ .
B:(0)2 = J J

. N .
Since for each j, 5,(75)2 — 00 as i — 00, and v

—

ji) is an orthonormal basis, the constant bound of (a + 1) in (15)

is violated if we do not have 7;; — 7 =N Equation (15) must hold with probability at least 1 — ¢ independently for



each iteration 4, with the (1 — §)-probability due entirely to randomness in the Thompson sampling distribution, (13).
Therefore, it follows that 7;; — 7. The proof that 7;» — 7 with high probability is identical.

O

The next result enables us to leverage convergence in distribution of the dynamics samples, p;1, Di2 N P (as guar-
anteed by Proposition 1), in characterizing the impact of sampled policies upon convergence of the reward model.
Lemma 6. Let f : RS*A x RS54 — R be a function of transition dynamics p € RS*A and reward vector v € R54,
f(p,r), where f is continuous in p and uniformly-continuous in r. Assume that Proposition 1 holds: p;1, Pia N p.
Then, for any 6, ¢ > 0, there exists i’ such that fori > ', | f(p,r)— f(DPi;, T)| < € for any unit vector r and j € {1,2}
with probability at least 1 — 6.

Proof. The proof is identical for j = 1 and j = 2, and so without loss of generality, we set j = 1. Applying
Proposition 1, p;; EEN P. By continuity of f, we can apply Fact 1 from Appendix A.5 to obtain that f(p;1,7) 2,

f(p,r) for any r. Further applying Fact 2 from Appendix A.5, f(P;1,7) N f(p,r) for any r. By definition of
convergence in probability, given J, there exists 4, such that for i > 4.

1
|f(Pi,m) — f(P,7)| < 3€ with probability at least 1 — 6. (16)

To obtain a high-probability bound that applies over all unit vectors 7, we use compactness of the set of unit vectors.
Any infinite cover of a compact set has a finite subcover; in particular, for any &’ > 0, the set of unit vectors in R?
has a finite cover of the form {B(ry,d"),...,B(rk,d’)}, where {r1, ..., 7k} are unit vectors, and B(r,d’) := {r’' €
Re|||r" — r||2 < 0’} is the d-dimensional sphere of radius ¢’ centered at 7. Thus, there exists a finite set of unit
vectors Y = {r1,..., 7k} such that for any unit vector 7/, ||7; — 7’||2 < ¢’ for some i € {1,..., K}. Because f is
uniformly-continuous in r, for any transition dynamics p, there exists , > 0 such that for any two unit vectors r, 7’
such that [|r — /|2 < dp:

Fo7)— fo7)| < 5= (7)
Without loss of generality, for each p, define 0, := sup x such that ||r — /|| < x implies | f(p,7) — f(p,7')| < %e.
Then, because f is continuous in p, d,, is also continuous in p. Because the set of all possible transition probability
vectors p is compact, and a continuous function over a compact set achieves its minimum value, there exists dpi, > 0
such that 6, > Omin > 0 over all p. We can define I/ such that 6’ < 0yin; then, for any unit vector r’, there exists
r € U such that ||7 — 7'||2 < dmin, and thus (17) holds for any p.

By (16), for each r; € U, there exists there exists i, such that for i > i, |[f(Pi1,7) — f(D,7)|[2 < ie with
probability at least 1 — §. Because U is a finite set, there exists i’ > max{ip,, ..., in, } such thatforr € i and ¢ > i’

1
|[f(Pi,7) — f(D,7)| < 3€ for each r € U with probability at least 1 — 4. (18)

Therefore, for any unit vector 7/, there exists » € U such that ||r — 7/||2 < 6" < dmin, and with probability at least
1—46fori>1d:

lf@.7") — fBir, ) = f@®,7) — f@®.7) + f(®,7) — fBir,r) + f(Dir,7) — f(Dir, )] (19)
V@) — 1B, + 1B — [ B, + 1 Binor) — FBiar)| (20)
il . @n

-3 3 3 ’
where (a) holds due to the triangle inequality, and (b) holds via (17) and (18), where we showed that there exists iy
such that 0 < dmin < 0, for all possible transition dynamics parameters p. O

Applying Lemma 6 to the two functions V' (p, 7, 7y;(p, 7)) = max,. V(p,r,7’) and V(p, r, ), for any fixed policy
m, yields the following result.



Lemma 7. For any e, > 0, any policy 7, and any unit reward vector r, both of the following hold with probability
at least 1 — § for sufficiently-large i and j € {1,2}:

\V(p,r,m)—V(pi,r,m)| <e
VD, 7, mi(, 7)) = V(Bij, 7, T0i(Pij, 7))| < €.

Proof. Both statements follow by applying Lemma 6. First, consider the function fi(p,r) := V(p,r, ) for a fixed
policy 7. The value function V (p, r, ) is continuous in both p and r. Furthermore, it is linear in 7 and therefore

uniformly-continuous in 7: for a linear function g(z) = a” z and for any ¢’ > 0, if ¢’ := < then for any 21, 2o

llall
such that ||z1 — 22| < §":

19(z1) — g(22)| = |a” (21 — 22)| < [la||2]]z1 — 22]|2 < [Ja||20" = €.

Thus, f; satisfies the conditions of Lemma 6 for any fixed 7, and so for ¢ > i, |V(p,r,m) — V(P;j, r,7)| < € with
probability at least 1 — 0. Because there are finitely-many deterministic policies 7, we can set ¢ > maxy i, so that
the statement holds jointly over all 7.

Next, let fo(p,r) = max, V(p,r,7) = V(p,r, 7 (p,7)). A maximum over finitely-many continuous functions is
continuous, and a maximum over finitely-many uniformly-continuous functions is uniformly-continuous. Therefore,
f2 also satisfies the conditions of Lemma 6. O

We will show convergence in distribution of the reward samples, 7;1, 7;2 LN 7, by applying Lemma 5 and demon-
strating that WA&Z) — 00 as @ —> oo. This result is proven by contradiction: intuitively, if W/\E;) is upper-

bounded, then DPS has a lower-bounded probability of selecting policies that increase /\Eli). Importantly, abbreviating

)\g)’s eigenvector vc(;) as v, this proof is contingent upon there existing a pair of policies 71, o such that:

‘E[%T”Wil =, T2 = m)| = |E[(zi2 — zi) v | T =TT = 7o @ |V (p,v,m1) — V(P,v,m2)| >0,

where (a) holds because the value function V (P, v, 7) gives the expected total reward of 7 under the reward vector v.
In other words, the proof will require,
max ’E[sz'v | Ti1 = w1, mip = mo]| = max |V (p,v,m) — V(P,v,m2)| > 0. (22)
1,72 1,72

If this does not hold, then it is impossible to select a pair of policies under which the observation x; is not expected to
be orthogonal to the eigenvector v.

We argue that without loss of generality, (22) can be assumed to hold for all eigenvectors of M;. Note that if (22)
does not hold, then E[z} v | m;; = 7] = V(p,v, ) is fixed for all 7. Given P, by linearity of the value function V'
in the rewards, any v-directed component of = does not affect policy selection: V (p,r,7) = V(p,r¥ + r’*, 1) =
V(p,r¥,m)+V (P, ¥t ), where r? is the projection of r onto the v-direction and ¥ is its orthogonal complement
in R?. Because V (p, r?, 7) does not depend on 7, 7,;(P, ) = argmax_V (p,r, 7) = argmax_V (p, v+, 7).

We call any vector v which does not satisfy (22) an irrelevant dimension of the rewards: given p, removing the v-
directed component of r does not influence policy selection. The following lemma demonstrates that such vectors
remain irrelevant towards policy selection when p is unknown, but once p;1, p;2 have sufficiently converged to p in
distribution.

Lemma 8. For any reward vector r € RY, let ™! be the projection of v onto the relevant subspace (for which (22)
holds), and v+ be its orthogonal complement in R?, such that r = r"! + v, and r belongs to the subspace of
irrelevant dimensions (where (22) does not hold). The reward samples on iteration i are 7;;, j € {1,2}. Then, for any
€,0 > 0, there exists iy such that for i > ig, with probability at least 1 — §:

\V (D, 7ij,mij) — V (B, Fij, moi(Bij 715 )| < €.

In other words, with respect to the sampled rewards ¥;;, the expected reward of the selected policy m;; = Ty;(Dij, Ti5)

is close to the expected reward of the policy that would have been selected were 7;; replaced by 'Fg?l.



Proof. We prove the result for j = 1 (the proof is identical for j = 2). Because V (P, Fﬁ ) is constant for all 7,
we define w := V (P, Fﬁ, ) for convenience. First, we show that under the true transition dynamics P, the irrelevant
dimensions of 7;; do not affect policy selection. For any 7,

V(ﬁv 7.;7217 '/Tvi(ﬁv le)) = m;?xv(ﬁa 'Filv 7T) (2 m;lX [V(ﬁv ;ella ) + V(ﬁa 'sziv W)]
(b) ~T —_— o~ — =T ( ) T
V(p. zfilv i (P, 731 )) + V (P, 7‘%17 T"Ui(pv Tz‘ell)) = V(p, i1, Toi (D, zell)) (23)

where (a) and (c) hold because 7;; = rﬁl + r“ and the value function is linear in the rewards, and (b) holds because

V(p, 7, ) = w is constant across all policies 7.

To upper-bound |V (P, 71, mi1) — V (P, Ti1, Toi(Di1, F;fl))L we write:

V@i, min) = VB, For, moiBin, F50)| 2 VB Fon, moa (B, ) — (VB 75 B, 7581)) + )]

= VB, 7ir, Toi(Bin, 7in)) — (V(B, 735 m0i (Bin, 7)) + w)
= V(Pir, Tir, Toi(Dir, Tir)) + V(Pir, Fir, Toi(Pi1, Tir))| — VI(D, Fir, Toi (D, 1)) + V (D, Fir, moi (D, 7))
— (V(Bir, 77, moi (Bir, 733)) +w) + (V(Bir, 77 s moi (Bir, 7)) + )

(2 |V (D, i1, moi(Di1, Ti1)) — V (D1, T, Toi(Dir, T )| + |V (Dir, Ty Toi(Pir, i) — V(D Fix, Toi (P, Tin) |
+ V@, 7ir, moi (B, Fir) — (V(Bir, 755 i (Bir, 57)) + w)| (24)
+ |V (Bir, 75 i (Bin, 77 )) + w) = (V(B, 7, w0i (Bir, Ty ) + w)

(g |V (p, Fﬂﬂfm(ﬁﬂ,fﬂ)) = V(Dir, i1, Toi (Pir, Tir)| + |V (Dir, Tir, Toi (D1, 1)) — V(P, Tin, i (P, Ta1) |
+ V@, 7, 10 (D, 7)) = V(Bir, 7 s woi (Bir, 73)) |
+ [V (Pir, 75 i (Bin, 75) = V(B 735, moi (Bir, 7i3), (25)

where (a) applies 7;; = rrell + rll, linearity of the value function in the rewards, and the definition of w; (b) re-
arranges terms and uses the triangle inequality; and (c) applies (23) to line (24), that is, V (P, 71, mi(D, i1)) =

V(p7 1157Tvl<ﬁ’ ;ell))—’—w

Each of the four terms in (25) can be upper-bounded with high probability using Lemma 7. In particular, for large
enough 4, each term is less than 1 7€ with probability at least 1 — 75 Therefore, the desired result holds. O

Remark 1. The reward dimensions could be irrelevant due to a number of reasons. For instance, because the elements
of ; := m;z — x;1 must sum to zero, the vector [1,1,. .., l]T must always be orthogonal to every observation x;.
Alternatively, the MDP’s transition dynamics could constrain the expected number of visits to a particular state to be
constant regardless of the policy.

Such constraints result in a subspace of R% that is irrelevant to learning the optimal policy once the transition dynamics
model has converged sufficiently. Therefore, we only need Lemma 5 to be satisfied for eigenvalues of M; along relevant
dimensions in order to asymptotically select the optimal policy. Thus, we can assume that sampled reward vectors

i1, T2 have been projected onto the relevant subspace of R%. As a result, in proving that B ((f)) Ly 0asi — 09,

we can assume that all eigenvectors of M; belong to the relevant subspace without loss of generaln‘y More formally,
we assume without loss of generality that all eigenvectors {'v } of M; satisfy (22).

In Lemma 11, we will show that as ¢ — oo, B )\((f)) ’ 3> 0. Combined with Lemma 5, this proves Proposition 2, that

d
the reward samples are convergent in distribution to 7. Lemma 11 proves this result via contradiction, by first assuming
Bi(8)?
NG

that there exists an 7o such that for all 7 > 7, > a. The following two lemmas, Lemmas 9-10, are intermediate

d
results leading to Lemma 11, which utilize this contradiction hypothesis as a premise. In particular, Lemma 9 demon-
strates that under the contradiction hypothesis, there is a non-decaying probability of sampling rewards ;1 , 7;o that

are highly-aligned with the eigenvector 'U((;) of M i_l corresponding to its largest eigenvalue, ()\g))*l



-1
Lemma 9. Assume that for a given iteration i, 3;(5)> (/\((;)) > «. Then, the reward samples 71, T2 satisfy:

P(fvg > amax|#ivf”]) > ¢(a) > 0, (26)
1<
(M) < _ 7. (i)
P(Fhvy’ < amax |7;,v;"[) > c(a) > 0, 27
j<d

where ¢ : R, — R is a continuous, monotonically-decreasing function.

Proof. Recall that the reward samples 7;1, 7;2 are drawn according to (13). We will demonstrate that the reward
samples can equivalently be expressed as:

_1
(Ay)) " 2ol 2y ~ N(0,1) id, (28)

M=

Ti1 = 7 + Bi(9)

j=1
and similarly for 7;5. Similarly to (13), the expression in (28) has a multivariate Gaussian distribution. We take the
expectation and covariance of (28) with respect to the variables {z;;} to show that they match the expressions in (13):

E |7+ 5:(6 i( M) ael | =+ 50 Y (A) T Bl = 4,

cov |7+ 803" () F el D [ ()3 (40) 2ol ( 93 () ézikv,@)

L 7j=1 ] j=1 k=1
d d 1 1
=50 (W) T () T ol e Bl 2l
j=1k=1
d
Y02y (A§>) "t T = 8,(8)2M;
j=1

which match the expectation and covariance in (13). In the above, (a) applies the definition Cov[x] = E[(x—E[x])(x—
E[z])T], and (b) holds because E[z;;z;x] = Cov|z;jzik] = d;1, where &5, is the Kronecker delta function.

Next, we show that the probability that 7;; is arbitrarily-aligned with 'v((;) is lower-bounded above zero: that is, there

exists ¢ : R, — R such that for any a > 0, P(7 11)&) > amaxj<d |'F11v(i)\) > ¢(a) > 0. This can be shown by

bounding the terms |r11v( )| Jj <d,and 7'11'0[(1) Firstly, the term |r11v )| J < d, can be upper-bounded:

d =

Aol 4 6i(5) S (/\’(j))‘z 2wl

k=1

~ N (¢) ~ i N\ — 3
< o1+ 6:0) (A7) 7 Lzl < Ialallof” 12+ 8:0) (A7) 7 1z

-

_1
2

2o+ 510) (W) Ty

|~T (Z)|()

-

-

(@) i
< b+ 5i0) (A7) 7z,
where (a) applies (28), (b) follows from orthonormality of the eigenbasis, (c) follows from the Cauchy-Schwarz

inequality, and (d) uses that ||7;||2 < b (Lemma 2). Similarly, 7:5"’5(;) can be lower-bounded:

-

(A7) o) © 70?4 i) () s

MQ_

"oy € eTol) + 5.(0)

j=1

AD) o S ol + 5.0 (0 2
(>) —b+ Bi(S )( (i)> Zi1,

=

—#To| + B (5)

I/\

[N



where as before, (a) applies (28), (b) follows from orthonormality of the eigenbasis, (c) follows from the
Cauchy-Schwarz inequality, and (d) holds via Lemma 2. Given these upper and lower bounds, the probability

P (rllvé) > amax;<q |’r11v )|> can be lower-bounded:
P (il > o@) Y P (ot gi0) ((9) o bt Bi(8) (A0
"oy = amax ol ) 2 P (b+ A >( &) Tz amax b4 50) (A7) ey

b\/ by/ A
— P Zi1l >

+ amax

i<d | Bi(9)

+

(;) P b N b i
=Ry Ve T
b(1+a)
=P (211 Vo + arjr1<eL§|zij|> == c(a) >0,
)

where (a) results from the upper and lower bounds derived above, and (b) follows because % < 1 and

Bi(0) (/\Eii)) > v/a by assumption. The function ¢(a) > 0 is continuous and decreasing in a.

By identical arguments, P (7 22”51) < —amaxjq |r22v( )|) > ¢(a). Thus, for any a > 0 and set of eigenvectors 'uj(-i):

P(f;‘qvl(i) > amax|rL1v( )\) > c(a) >0,
j<d
P(7 121;( )< amax|r12'u( )|) > c(a) > 0.
i<
O

Next, we show that given sampled rewards 7;1, 7;5 that are highly-aligned with the eigenvector v((ii) of M; as in Lemma

9, there is a lower-bounded probability of sampling trajectories that have non-zero projection onto this eigenvector.

o\ =1
Lemma 10. Assume that there exists io such that for i > ig, B;(5)? ()\g)) > «. Then, there exists i > ig and a

constant ¢’ > 0 such that for i > i':
E leTvy)H >cd >0, (29)

where ¢ > 0 depends only on the MDP parameters p and T, so that in particular, (29) holds for any eigenvector 'v( ),
Proof. By Lemma 9, (26) and (27) both hold. We will refer to the events in (26) and (27), {Fllv a2
aMax g \FiTlv§l)|} and {ngg) < —amaxj<q |ri2fvj )|}, as events A(a) and B(a), respectively. From Lemma
9, A(a) and B(a) have positive probability for any a.

We will show that by setting a to a large-enough value, under events A(a) and B(a), value iteration samples policies

1, Ti2 such that [E Hm?vfj) H > ¢’ > 0 for some ¢’ > 0, for sufficiently-high ¢ and for any unit vector vg).

(@

First, note that under events A(a) and B(a), as a — oo, Hr U — vy and H:'fllz — —v[(;). Let € > 0. Under
event A(a) for sufficiently-large a, H;W ’Ud < ¢e. Define amin 1 (e, vgi), e vé’:)) as the minimum value
of a such that A(a) implies ‘ H;ﬁ — v[(ii H2 < 5, given the eigenbasis {vgi)7 . ,vg)}. Because the inequality
defining A(a) is continuous in a, 71, and the eigenbasis {vgi), e 'uéi)}, the function Amin,1 (€, ’UY‘),‘. . ,véi)) is also
continuous in the eigenbasis {v\", ..., v\ }. Because amn1(e,v\",.. ., v\ is positive for all {v\", ... v{"}, and
the set of all eigenbases {v%l), .. vy)} is compact, there exists amin,1(€) such that for any eigenbasis, if A(a) holds
for a > amin,1(€), then ‘ W — vd < €.




By the same arguments, there exists amin 2(£) such that for any eigenbasis, if B(a) holds for a > amin2(€), then

‘ H’:i22||2 - (_Ug(zi) H < e. Taking amin(€) := max{amin,1(€), Gmin,2(€)}, then for any a > amin(e), under events
(@) Fio (@)
A(a) and B(a) both’ 7o — Y H <5and‘ T (—v,") ‘ < ¢ hold.
Next, we will show that by setting € small enough, the inequality ‘ W 'v((j) ’ < ¢ implies that the expected
2

reward accrued by m;; with respect to v((i ), that is, V(p, v((i ), 1), is close to the maximum possible expected reward

with respect to v((i ), max, V(p, vc(;), ) = V(p, v[(ii), 70i (D, v[(ii))). (The same approach yields an equivalent result

for 7;5.)

Assume that ’ H;:-illll - vd < ¢, and let ¢’ > 0. We will show that |V (p, v((;), i (Ds v((;))) - V(p, v[(ii), mi1)| <

¢’ for small-enough ¢ and when pi1 has sufficiently converged in distribution to p (as is guaranteed to occur by
Proposition 1):

e G — (a) G _ G _ G . i1
’V(p7vgl)77rvi(pav£l)))_V(p7v((1)77ri1)’ = ’V (pavtgi)aﬂ-vi(pvvél))) _V(p7vc(l)a7rvi (pzl;M))'
— 1 — 3 — F'il — F’L'l
V( av()ﬂTvi(pav(Z))) V<p7 ~ s Mg <pa ~ )>
¢ ¢ |71 ]2 [[7i1[2
V (pv fil s g <p7 :”flll)) - V (ﬁilv f“ s g <ﬁi17 Til ))
|71 ]2 [[7i1]|2 |71 ]2 [|7i1]|2
- T T _ T - T
+V (pilv 4 <P117 1 )) -V <p7 ~7177Tvi <Pz‘17 _4 ))
7l " |71 [2 |71 ]2 |71 ]2
Vv (p7 ril y Twi (ﬁila T’Ll)> -V (P> ’Ug;)aﬂ-'ui (ﬁil; Til >>
|71 ]2 [[7i1]|2 [[7i1]]2
14 (p, T s T <I5i1, i )) -V (p, Ug(li),ﬂm' (ﬁih i ))‘ (30)
[[7i1]]2 [[7i1]]2 |72
_ W _ @) _ T _ T
+ |V (p7,ud 77T’Ui(p7'ud )) -V P, = yTwi | Py 7= (3])
[|7i1]]2 |72
’;;’L' — 7:2 ~ ~’L ~ ’FZ
+ V <pa P ! s T (p7 ~ L >) - V <pi17 ~ ! s T (pila P ! ))‘ (32)
[|7i1]|2 |72 [|7i1]|2 [[7i1]]2
~ 'Fl 7'1 rz T
+ V <p1'17 ~ ! (ch pes ! )> V (pv ~ ! s g <P117 -l)>
7l " e |71 ]2 e

where (a) uses that 7m;; = 7,;(Pi1, 7:1) by definition, and also that positive scaling of the reward argument of 7,,;(p, r)
does not affect its output; and (b) applies the triangle inequality. Next, we will show that each of (30)-(33) can be upper-

3

o 33

bounded by %5’ (for (32) and (33) with high probability) by appropriate choice of £ and by utilizing that p;; N D
(Proposition 1).

Beginning with (30), because V (p, r, ) is linear in 7, it is uniformly continuous in 7 for fixed transition dynamics p
and policy 7. So, for fixed dynamics p and policy 7 and for any reward vector r, there exists &, such thatif ||r —r'|| <
Ex, then |V (p,7,m) — V(p,7’,7)| < 1€’. Because there are finitely-many deterministic policies, there exists £, > 0
such that &1 < e, for all 7. Therefore for any pOlle 7, if ||r — 7’|z < 1, then [V (p,r,7) — V(p, 7', 7)| <

The expression in (30) is thus upper-bounded by selife < eq.

To upper-bound (31), observe that V (p, 7, 7,;(p, 7)) = max, V(p,r,n) is also uniformly continuous in r for fixed
transition dynamics p: the maximum over finitely-many uniformly continuous functions is also uniformly continuous.
Thus, there exists e5 > 0 such that if ||r — r’Hg < &, then |V (P, 7, myi(P, 7)) — V (P, 7', 70i(P,7'))| < 1€’. The
expression in (31) is thus upper-bounded by selife < gq.

To obtain high-probability upper bounds for (32) and (33), we apply Lemma 7. For sufficiently-high ¢, each of the



following holds with probability at least 1 — %5’ :

_ _ I o 1
’V (p7 ~Z s g <p7 ~7l >> _V(pi17 ~Z s Tog (pzhf))’ <75/7
|72 [[7i1]]2 |72 |71 ]2 4
- Ti1 _ i 1,
Vv ; — T =V —
’ (” e ) (”’ 1721 ]]2 )

< —€,
where the second statement holds for any policy 7, and in particular for 7 = m,; (ﬁil, %) .

4
[17i1]l2

We combine the bounds for (30)-(33), setting ¢ < min{ey,e2} and ¢ > 4. Thus, for any ¢’,4’ > 0, we have shown
that by setting & small enough and taking 7 > 7'

‘V 5,09 1 (®,0) — V0P )‘ < &' with probability at least 1 — &',

(@

Combining with the analogous result for ;2 and —v;’ yields that for any €’, 6" > 0, there exists sufficiently-small

and large-enough 4’ such that for ¢ > 4’

‘V P, v, O s (P, v[(;))) V (P, v((;), Wil)’ < ¢’ with probability at least 1 — §’, and (34)

(V @, v 10 (@, —vP)) - V(B, -, m)) < ¢’ with probability at least 1 — &'.

Next, we will set ¢’ to a small enough number to achieve ‘]E[a:vai )]‘ > ¢’ > 0. Firstly, note that that ‘E[‘ET”fi )H is

maximized when setting ;1 = 7, (D, 'v((;)) and ;5 = 7y (D, —'v((i )):

(@) (@)

Ty E[a:zlvd _%2”,1 ]|7Ti1:7T1,7Ti2:7T2‘

max E[dﬁ ’Ud } |’/Ti1 = 1, T2 = T = mMax
T1,T2 1,702

— [Bl2fo — @hol” |70 = argmax, Bz o], w0 = argmin, Ele]o!)]

= ]E[:cqlvf;) - wTde | i1 = argmax_E[x 1v§)},m2 = argmaxﬂE[mig(—vg))]]’

= ]E[m;"ivc(l) - {EZ;’U((i | w1 = argmax, V (P, vc(;), ), Mg = argmax_ V (P, —’Uc(li),ﬂ)]‘

- ]E[lev((;) - 3312’06(;) ‘ i1 = ’/Tm(pa UL(i ))a T2 = in(ﬁa 71)((;))]‘ .

From Lemma 8 and Remark 1, we can assume without loss of generality that for all UC(;),

7 i .
maXr, 7, ‘E[az 'v((i) | i1 = M1, T2 = ’/TQ]‘ > 0. Because ’E[miTvC(l) |1 = 71, T2 = 7'(-2]’ is continu-

ous in 'ug) for fixed m;,m, and a maximum over finitely-many continuous functions is continuous,

(). Because vd) belongs to the compact set

of unit vectors, the expression achieves a minimum positive value on the set of possible 'vl(i)

K3
mMaXe, ., |ElE; vé) | i1 = M1, T2 = wz]‘ is also continuous in v

, and thus, there exists

7 > 0 such that max,, ., |E[z] "((1) | i1 = M1, T2 = 772]‘ >n > 0. Setting &’ := 1:
0 < 3¢’ =n < max E[:L'er((;) | i1 =71, T2 = Wg]’ = ’maXE[a:;fqvt(;) | i1 = 71] — min E[xg;vf;) | T2 = o)
1,72 ™1 T2

max V (P, v((;), 71) — min V (P, UE;)
™ ™2

77T2)

= |max V (P, 'v((;)7 1) + max[—V (P, v((i ), 772)}‘
T T2

= V@0l 7o) + VB~ (B, —0)))|

= |max V (P, vc(l),m) —|—maxV( 'v((;’),m)

™

(@)
<

V(p, ’Uc(li), 1) + V(D, —fv((j), Wig)’ + 2¢/,



where (a) holds with probability at least 1 — 2§’ by (34). Rearranging terms, with probability at least 1 — 24",

EI < ‘V(ﬁ> 'UE;)JTM) + V(ﬁ7 _vt(ii)aﬂ—i?)’ = ’V(ﬁv ’v&i)77r7i1) - V(ﬁ> ’Ug;)aﬂ-'ﬂ)‘ = ‘]E[wT/UgL)} .

This implies that:

E [ :ciTv(i) } (g) E [:BT'USI )} )
where (a) holds via Jensen’s inequality and ¢’ := €. O

We are now equipped to complete the proof of asymptotic consistency of the reward model.

Bi ()

O EEN 0, where /\( ) is the minimum eigenvalue of M.
Ay

Lemma 11. As ¢ — oo,

N —1
Proof. We will first show that lim inf 3;(5)? ()\fj)) = 0 via a proof by contradiction. Assume that:

11— 00

lim inf 8, (5)2 ( 5;’)71 =20 > 0. (35)

i—00
N\ -1
If (35) is true, then there exists ¢ such that for all 7 > 1, 5i(5)2 (Ag”) > «. In the following, we assume that
1 > 1dp. Since §;(J) increases at most logarithmically in 4, it suffices to show that )\Eli)
average to achieve a contradiction with (35).

increases at least linearly on

Under the contradiction hypothesis, Lemmas 9 and 10 both hold. Due to Lemma 10, DPS will infinitely-often, and at

a non-decaying rate, sample trajectory pairs such that |z} v di)| is lower-bounded away from zero. At iteration n, we

(") corresponds to the eigenvector vc(l") of M, and so:

AP Z T pp ) (@ T ()\I + Z zx ) =X+ Z (“’T’”@n ) : =

where (a) follows from the definition of M,,. Note that while the right-hand side expression of (36) depends upon

x; 'UEI " fori < n, (29) depends upon xlv ( ) . Clearly, if 'u((i) remained constant in ¢, then the combination of (29) and

(36) would suffice to prove that /\El — oo with at least a linear on-average rate; however, ”c(z) can vary with 7 over

the entire space of unit vectors in R
We leverage that v((ii) is a unit vector, that the set of unit vectors in R? is compact, and that any infinite cover of a
compact set has a finite subcover. In particular, for any £ > 0, there exist sets S1, ..., Sx C R?, K < oo, such that;

analyze the effect of this guarantee upon )\(n) Note that A

1. For v € R% such that ||v||z = 1, v € Sy, for some k € {1,..., K}, and

2. If vy, v9 € S, then ||v; — va|| < e.

We will show that there exists a sequence (n;) € N such that 'u E Sy for fixed k € {1,..., K}, with the events
vc(l"i) € Sy, corresponding to the indices (n;) occurring at some non-decaying frequency. Then, by appropriately

choosing ¢, we will use (36) and the mutual proximity of the vectors v;ni) to show that AEZ") increases with an at-least
linear rate.
Observe that for any number of total iterations N, there exists an integer k € {1, ..., K} such that 'U 6 S , during

at least N iterations. Because K is a constant and N is linear in NV, the number of iterations in which v 6 Sk is
at least hnear in N for some k. The right-hand sum 1n (36) can then be divided according to the indices (nl) and the
remaining indices:

njfl njfl

W B e E i) F )

i=1 j=Llj¢{n1,n2,...,nj_1}



(1) (ni)

The latter sum in (37) is non-decreasing in n;, as all of its terms are non-negative. In the former sum, ||v,; /' —v,; || <
e foreachi € {1,...,j — 1}. Defining § := vénj) — vé”i), so that ||d]]2 < e&:
T @0\2 (T () 2 () o7 5\ T, )
(m vy ) = (acm ('ud ’ —|—5)> = (a; g —|—:1;m6> > (scm'vd ! ‘m ’) (38)

xl §| <||8]|2 * ||@n,||2 < 2¢h, where h is the trajectory horizon. Because (29)
xz, v((jn) |a: 5|}>0725h>

By the Cauchy-Schwarz inequality,

(ni)

requires that E [ xl U4

¢’ >0, and:

| (e200) ] 2| ( ~leral)’| 2 e

where (a) takes expectations of both sides of (38), and (b) follows from Jensen’s inequality. Merging this result with

] > ¢/ > 0, one can choose ¢ small enough that E [

T, (n:)

(nl
T, 'Ud

z) v x, 0 2> d"? >0,
a = [0l = (")

(37) implies that )\((i"j ) is expected to increase at least linearly on average, according to the positive constant ¢/, over

the indices (n;). Recall that there always exists an Sy such that the number of times when v( 2 € S}, is at least linear in
the total number of iterations N. Thus, the rate at which indices (n;) occur is always (at least) linear in NV on average,

and )\(nj) increases at least linearly in N in expectation.

We demonstrate that lim inf 2 (( )) = 0 holds: the numerator of 2 (< )) is the square of a quantity that increases at most
71— 00

logarithmically in ¢, while the denominator increases at least hnearly in ¢ on average. This contradicts the assumption
1
in (35), and so hm mf Bi(9)? ( (’)> = 0 must hold.

A\ —1 o\ —1
Finally, we leverage that lim inf 3;(5)? ()\S)) = 0 toshow that lim f3;(§)? ()\El’)) = 0. Consider the following
11— 00

1—>00
- -1
two possible cases: 1) 3;(5)? (A?) converges to zero in probability, and 2) 3;(5)? (/\((j)) does not converge

to zero in probability. In case 1), because convergence in probability implies convergence in distribution, the desired
result holds.

oy —1
In case 2), there exists some £ > 0 such that P <Bi(5)2 ()\g)) > 5) — 0. In this case, one can apply the same

N —1 o\ —1
arguments used to show that lim inf 3;(5)? (Ag)) = 0, but specifically over time indices where 3;(5)? ()\S)) >
1—> 00
€. Due to the non-convergence in probability, these time indices must occur at some non-decaying rate, and so the

same analysis applies. Thus, /\((j) increases in ¢ with at least a minimum linear average rate, while (3;(J) increases
at most logarithmically in . This violates the non-convergence assumption of case 2), resulting in a contradiction.
Therefore, only case 1) can hold.

O

From the asymptotic consistency of the dynamics and reward samples, one can show that the sampled policies converge
in distribution to the optimal policy:

Theorem 1. With probability 1 — 6, the sampled policies ;1,72 converge in distribution to the optimal policy, 7%,
as i —» oco. That is, P(m;; = %) — land P(m;e = 7*) — lasi — co.

Proof. 1t suffices to show that P(m;; = n*) — 1 as ¢ —» o0, as the proof is identical for ;2. From Propositions
1 and 2, respectively, we have that p;; N P and that 7 L, 7 with probability 1 — §. We proceed under the
assumption that 7;; Ly 7, ie. that the probability-(1 — &) event occurs.

By Fact 1 in Appendix A.5, for each fixed 7, V (P;1, 71, 7) L, V(p, T, ), as value functions are continuous in the
dynamics and reward parameters. Applying Fact 2 in Appendix A.5, for each fixed 7 and € > 0:

P(|V(pi1,Tu,m) — V(p,7,7)| >¢) — 0asi — oco. (39)



Next, we set the value of € to be less than half of the smallest gap between the value of the optimal policy and the
value of any suboptimal policy:

1
<z |4 7777 - |4 7: 77 .
) [mﬁx (p.77) st V(ﬁ,?,ﬂ)rgran};xﬂ./ V(p,7,m) .7 W)]

Then, the probability of selecting a non-optimal policy can be upper-bounded by a quantity that decays with ¢:
o (@ . o
P(mip #7%) < P U{|V(pi1,7'i1,77) - V(.77 >¢}
(b) . _ (c) .
< ZP(|V(pﬂ,n-1,7r) - V(p,7,m)| >¢e) —> 0asi — o0,

where (a) follows from the definition of ¢, (b) follows from the union bound, and (c) holds due to (39).

A.2 BOUNDING THE ONE-SIDED REGRET WHEN ONE POLICY IS DRAWN FROM A FIXED
DISTRIBUTION

In this portion of the analysis, we assume that in each iteration i, policy 7;; is drawn from a fixed distribution over
II, the set of deterministic policies. In this setting, we only consider the one-sided regret incurred by the policies
{mia},i > 1. Let N be the total number of iterations of DPS, so that the total number of actions taken by {m;2},7 > 1,
isT = Nh. Let x be the trajectory obtained in iteration ¢ if ;2 = 7*. Then, the expected one-sided regret of the
policies {m;2} is the expected loss in total utility due to selecting suboptimal policies:

N
E [REG2(T)] = E[REG2(Nh)] :=E [Z 7L (x) — wig)l .
=1
Recall that the preference outcome on iteration i, y; € {—3, 5 }, can be written as:

yi =7 (2 — T41) + i,

for zero-mean noise 7);. Define the outcome of selecting policy ;2 = 7* in iteration ¢ as y; € {—%, %}
(

* = * *
yi =7 (T] — i) + 15,

for zero-mean noise 7; . Importantly, the difference y; —y; is equal to the instantaneous one-sided regret in expectation:

N N
E [REGQ(T)] =K lz FT(wf — %ig)] =K lz (FT(:Jc;‘ — xil) — FT(miQ — wﬂ)) 40)
Z:J\lr i=1
YE [z@; - ya] ,
i=1

where equality (a) holds because the noise terms 7; and 7] are zero-mean.

Define the one-sided algorithm’s history at iteration ¢ as 7—[1(2) ={Z1,2,,...,2Z;}, where Z; = (w2, Ti1, Tiz, Tiz —
@1, y:). Analogously to Russo and Van Roy (2016), we establish notation for probabilities and information-theoretic
quantities while conditioning on the history "Hgi)l. In particular, P;(-) := P(-| 7—[52_)1) and E;[-] := E[-| Hﬁ)l]. With
respect to the history, the entropy of a random variable X is H;(X) := — > P;(X = z)log P;(X = z), while
two random variables X and Y have mutual information I;(X;Y) := H;(X) — H;(X|Y). Lastly, D(P||Q) is the
Kullback-Leibler divergence between two discrete probability distributions P and Q.



The information ratio is then defined as:

Eily; — yi)?

Li(7*; (mi2, Tit, Tiz, Tiz — i1, i)

(41)

This definition is analogous to the information ratio defined in Russo and Van Roy (2016), but while Russo and
Van Roy (2016) study the bandit setting with absolute feedback, our definition is adapted to the preference-based RL
setting. Note that the numerator is the square of the expected instantaneous one-sided regret, while the denominator is
the information gained about the optimal policy in iteration 4.

In Russo and Van Roy (2016), the authors express the expected Bayesian regret of Thompson sampling in the bandit
setting in terms of the information ratio (Proposition 1, Russo and Van Roy (2016)). The following lemma adapts this
result to the PBRL setting:

Lemma 12. If there exists an upper bound T such that T; < T almost surely for eachi € {1,..., N}, where N is the
number of DPS iterations (i.e., pairs of trajectories), then the policies {m;2} take T = Nh total actions, and:

E[REG2(T)] = E[REG2(Nh)] < y/TH(m*)N,

where H(m*) is the entropy of the optimal policy 7*. Note that since there are at most AS" possible deterministic
policies, H(r*) < log |AS"| = Shlog A. Substituting this,

E[REG,(T)] < /TShN log A = /TST log A.

Proof.

N
E[REG:(T)] = > Ely; — vi] @ ZEHm E; [v; — vil ZEHm V(75 (T2, Tit, Tia, @ia — i1, i)

i=1 i=1

< \[ZEH@) V(7% (T, Tit, Tz, iz — i1, i)

w |- X )
< ,|I'N Z[ HP, V(7% (T, Tt Tiz, Tig — Ll,yb))}

© |- &
< (% (77, . . y — .
< rN§ jEHglL(w i (i2y Ti1, Tiz, Tiz — T, Yi)), 42)

i=1

where (a) results from the tower property of conditional expectation, (b) follows from the Cauchy-Schwarz inequality,
and (c) follows from Jensen’s inequality. It remains to upper-bound the summation in (42) by H(7*). Defining
Z; = (2, Ti1, Tiz, iz — Xi1,Yi), the summation terms are equal to IEH@) L(r* Z;) = I(r*; Zi| 21, ..., Zi—1),

where the last equality comes from applying the definitions of I; and of condltlonal mutual information. Therefore,

N
ZEH(&I 7T127721,Tz27$12 wil,yi)) = ZI(W*;ZHZl,«u,ZiA) = I(W*§Z17~'~vzi)
i=1

()
Y H(x*) - H(x*|2,,..., Z;) < H(x"),

where (a) results from the chain rule for mutual information, (b) is a standard identity resulting from the definitions of
entropy and mutual information (Cover and Thomas, 2012), and (c) follows from the non-negativity of entropy. [

Corollary 1. If I'; < T almost surely for each i € {ig,..., N} for some index iy > 1, then DPS achieves an
asymptotic one-sided regret rate of \/TShN log A = \/TST log A.




Proof. The one-sided regret can be decomposed into two sums:

ig—1 N

E[REG(T)] = > Ely = vl = D Bly! — il + > Ely — wil.

i=ig

The second term can be upper-bounded via the same arguments used to prove Lemma 12. The first term is a constant
for iteration 7 > i, as it does not depend on the performance of the algorithm for iterations ¢ > 4. [

Next, we turn to upper-bounding the information ratio. First, Lemma 13 demonstrates in Thompson sampling, the
probability of selecting a policy is equal to that policy’s posterior probability of being optimal.

Lemma 13. When m;o is selected via Thompson sampling—i.e., by drawing respective samples p and T from the dy-
namics and reward posteriors, and performing value iteration to obtain m;o = ,; (P, T)—then for each deterministic
policy 7, Pi(m;2 = ) = Py(n* = ).

Proof. In Thompson sampling, the MDP parameters are sampled from the model posterior, that is, according to their

posterior probability of being the true MDP parameters. Let i = [77,p7 |7 € RS 4+54 be the vector of true MDP

. — 2 . .
parameters, where 7 € R4 is the vector of reward parameters and p € RS 4 is the vector of dynamics parameters.

Let p;(m) be the posterior probability density of 77z, given the history; then, Thompson sampling samples parameter

vectors m € RS A+54 according to p;(m). Finally, for any deterministic policy , let m(7) C R A+SA give the

set of all MDP parameters for which value iteration yields the policy 7. Then:
Pi(mia =) @ / pi(m)dm © P(r* =),
m(m)

where (a) holds because Thompson sampling selects policies by sampling m ~ p;(-) and then applying value iteration
to m, and (b) follows from integrating over the posterior probability of all MDP parameter vectors resulting in 7.

O

To upper-bound the information ratio, we next express its numerator and denominator using the optimal policy’s
distribution via the following lemma (analogous to Proposition 2 in Russo and Van Roy (2016)):

Lemma 14. Recall that 11 is the set of deterministic policies. The following two statements hold:

Eily; —vil = > Pi(n* = m){Eily; | 7* = mip = 7] — Eifyi | miz = 7]}
well

and

Li(7™; (Mi2, Ti1, Taz, Tiz—Ta1, i) = Z Pi(r* = m)Py(r" = W/)D(Pi(yi | mig = m, 7" = ') || Piy; | miz = W)),

7, €Il

where D(p||q) is the Kullback-Leibler divergence between discrete probability distributions p and q.

Proof. The numerator of the information ratio can be written as:

Eily; —wil =Y P = mEi[y] [ 7* = 7] = Y Pi(mia = m)Eilyi | mio = 7]

mell mell

(@) * * *

=N Pt =) (Bily; |7 = 7] — Ealys | mio = ])
mwell

=Y P = m{Ealys | 77 = iz = 7] — Bufys | mio = ]},
mell



where (a) follows from Lemma 13. The denominator of the information ratio can meanwhile be lower-bounded:

Li(n*; (igs Tins Tiz, Tz — @41, 4i)) = L smi2) + Li(m" 5y | mio) + Li(7™5 (T2 — Tin, 71, Tiz) | Tizs Yi)

®)
> Li(w*5yi | mi2) = ) Pi(mio = m) (x5 i | mio = )
mell

&S Pt = )"y | = ),
well

where (a) follows from the chain rule for mutual information, (b) results from the non-negativity of mutual information,
and (c) is a consequence of Lemma 13. We next apply the following information-theoretic identity (Fact 6 in Russo
and Van Roy (2016)), which holds for discrete random variables X and Y:

I(X;Y) =Y P(X = 2)D(P(Y| X = 2)|| P(Y)).

From this, one obtains:

Ly |mp =m) = Y Pi(r* =7 |mg = m)D(Pi(y; | 7* = 7', iz = m) || Pilyi | w2 = )
n/ell

< Z Pi(r* = 7" )D(Pi(yi | 7" = ', miz = m) || Pi(yi | miz = 7)),
' ell

where (a) holds because by definition of Thompson sampling, 7* and ;2 are independent given the history. Therefore:

Li(m"; (mi2, Tt Taz, Tz — ®i1, Yi)) = Z Pi(n* =) Z Py(r* = 7")D(P;(y; | 7" = 7', miz = ) || Pi(yi | miz = 7))

well /' ell
= Z Pi(n* = m)Pi(n* = 7")D(P;(yi | mig = m, 7" = 7') || Pi(yi | miz = 7)),
,m' €Il

which is the desired result.

O

The next lemma asymptotically upper-bounds the information ratio I'; for the one-sided regret. It is inspired by the
analysis in Russo and Van Roy (2016) for the linear bandit setting (Proposition 5 in Russo and Van Roy (2016)); how-
ever, extending this result to the PBRL setting requires accounting for the dynamics, which complicates the analysis.

Lemma 15. Consider the one-sided regret when m;1 is drawn from a fixed distribution. The information ratio T';
satisfies:

2
Thus, for any € > 0 and a sufficiently-large iteration index i, I'; < % + €.

i—>00 -

d_SA
.

Proof. Let K := |TI|. Index all the deterministic policies as 71, . .. , 7, and define B() € RE*K with jk™ element:

B](Z) = \/PZ(’]T* = ’/Tj)Pi(’IT* = 7Tk)<Ei[yi|7Ti2 = 7'(']'77'(* = 7Tk] _Ez[yz "R’ig = ’/Tj}). (43)

The numerator and denominator of I'; can both be expressed in terms of B(*). Applying Lemma 14 to the numerator,
the instantaneous regret can be written as follows:

Eily; — il = Y Pi(n* = m){Eilyi | 7° = miz = 7] — Eifys | miz = 7]}
well

K
> Pt =m){Bilys | 7 = mip = 7] — Balys | mia = 7]}

<.
Il
—

I
M=

(1) _ (i)
B! _Tr<B )

<.
Il
—



Applying Lemma 14 to the denominator of I'; in Equation (41) yields:

Iz'(W*; (7Ti27Ti1,Ti2,fB¢2 - -’Bz’hyi)) > Z Pi(ﬁ* = W)Pz'(”* = W/)D<Pi(yi|7ﬁ2 =mr" = W/) ||Pz(yz |7Tz'2 = W))

! €Il

K
= > Pi(r" =m)Pi(r* = m)D(Pi(yi | mia = mj, 7 = m) || Pilyi | miz = j)).

j,k=1

We convert the Kullback-Leibler divergence to a difference of expectations by applying Fact 9 from Russo and Van Roy
(2016), restated here: for any probability distributions P and () such that P is absolutely continuous with respect to
@, any random variable X taking values on the set X', and any g : X — R such that supg — inf g < 1,

2
D(P||Q) > 2(Ep[g(X)] — Eqlg(X)])". (44)
Thus, we have that:
* « 2
D(Pi(y; | mio = mj, 7" = m) || Pi(yi | m2 = 75)) > 2(Ez[yz | Tio = w5, " = m] — Eslys | Mo = Wj]) )

where we applied (44) with g(x) = x; this definition of ¢ satisfies the requirement that sup g — inf ¢ < 1, since its
argument is y; € {f%, %} As aresult:

2
Ii(W*; (7Ti277—i1;7—i2;33i2 - mihyi)) > 2 Pz‘(ﬂ* = Wj)Pi(W* = Wk)(Ei[yi|7ri2 = 7Tj,7T* = '/Tk] *Ei[yz' \7Tz‘2 = Wj})

N 2 .
(BY) =21B9)3.

T(BM)?
2NBONE
matrix B € R™*"™, Tr(B) < y/Rank(B)||B||r. Thus:

Combining these results gives that I'; < . As shown in Russo and Van Roy (2016) (Fact 10), for any square

The problem is therefore reduced to upper-bounding Rank (B(i)). First, we will show that under known transition
dynamics, Rank (B (i)) < d = SA. Subsequently, we will demonstrate that as the sampled dynamics parameters
converge in distribution to their true values (which occurs by Proposition 1), lim Rank (B(i)) <d.

11— 00

Recall the definition of B() in (43). We will first show that under known transition dynamics, we can define a set of

vectors w1, ..., Ui, v1,...,vx € R% such that B(.Q = uf’uj. Recalling that y; = FT(acig — ;1) +1;, and assuming

J
that the dynamics p are known,

Eilyi | mio = mj, 7° = 3, D) = Bi[F" (T2 — ®i1) + 0i | Tiz = 715, 7 = 7g, D]

@ Ei 7 (@2 — @i1) | Tin = Ty, T = Tk, D)

®) oo * _ _
= BilF | mig = mj, 1 = 70, D) (B[ | mi2 = 75, ) — Es[waa]) (45)

© E:[7| 7" =m0, D)L (Bil@iz | mi2 = 75, D] — Ei[@i1]),

where equality (a) holds because the noise 7; is zero-mean. Equality (b) holds because, by assumption, x;; is drawn
from a fixed distribution, independently of 7*, 7,5, or 7, while given 7;5 and known dynamics, the distribution of x;5



is fully-determined and independent of 7* and 7. Equality (c) holds because, conditioned upon 7—[1@1, 7 and ;o are
independent (as the history fully determines the distribution of 7;2). By similar arguments,

Eilyi | mi2 = 75, D) = Ei[F” (zi2 — Ti1) + 1 | mio = 75, D] = Ei[F" (xi2 — 1) | T2 = 7, D)
= Ei[F | mio = 75, B]" B[z | mio = 75, D] — Ei[2a1]) (46)
=Ei[F | p|" (Eil@iz | mi2 = 7, D) — Bi[za1]).
Subtracting the latter two quantities yields:
Ei[yi | mio = mj, 7" = 7, D] — Eilyi | mi2 = 75, D]
= (Ei[f| 7" =m0, p] — Ei[F D))" (Bilzio | mi2 = 75, D) — Eslwar]). 47

Applying this result, under the case of known dynamics, BJ(Q can be written as:

BJ(-Q = \/Pi(ﬂ'* =7 | P)Pi(m* = m, |5)(Ez‘[yi|7m2 =mj,m" =7, D) — Eily; | mi2 = Wj,ﬁ])

= VPi(r* = | D) (B[P | 7 = mi, D) — Bi[F | D))"/ Pi(m* = 75 | P) (Bil@iz | mio = 7, D) — Ei[wa])

e, T

where in the last equality, we define u, = +/Pi(n* = |P)(E;[F|7* = 7, D] — E[F |P]) and v; :=
Pi(ﬂ'* =T ‘ﬁ) (]El[xlg | T2 = Fj,ﬁ] — El[ﬂ)ﬂ]) Therefore:

T T T
uy 1 Up V1 (%

i : . ) |

BO=| = k] (48)
uwlvre ... whog vk

Because B9 can be written as the product of a K x d matrix and a d x K matrix, B can have rank at most
d. To reach this result, however, we assumed that the MDP transition dynamics are known. To complete the proof,
we now show that the result still holds asymptotically as the sampled dynamics converge in distribution to the true
dynamics (Proposition 1 guarantees that this convergence occurs). Note that we only used our assumed knowledge of
the dynamics to arrive at the equalities in lines (45) and (46). In both cases, knowledge of p is used to treat ;o and 7
as conditionally independent given 7;5. In particular, (45) uses that:

E;[F @iz | mio = 7,7 =7, ) = Bi[F | Mg = w5, 7" = T, D) Ei[@iz | 0 = 7, D)
We show that in general, when the transition dynamics p are not known but learned, that:
_T 11— 00 — T —
Eifr @i |mip = mj, " =m] — Ei[F|mn = mj, 7" = m] Eil@io | mi2 = 75, D). (49)

Let p;(+) be the posterior probability density of the transition dynamics parameters; then, p;(-) is also the density with
which the dynamics p are sampled at iteration 7. Because each dynamics parameter converges in distribution to its
true value—and there are finitely-many dynamics parameters—the distribution p; (-) converges uniformly to §(p = -),
where §(-) denotes the Dirac-delta distribution. Therefore,

* _\ (a) « o~ — g~
Pi(xio = - | Mo = mj, ™" = 7, ) :/Pi(wi2:'|7ri2:7rj77r =T, T, D= D)p;(P)dp (50
P

i [a<mi2 — Mg =17 = T, T, P = P)5(P = P)dp
p

b _ _
© Pi(xip = |mig = mj, 7" =7, T, P) g Pi(xzig = - |m2 = 7j, D),

where (a) integrates over the posterior probability density of each possible dynamics parameter vector p, (b) utilizes
the sifting property of the Dirac-delta function, and (c) follows because the distribution of x;5 is fully determined



given the dynamics and policy ;2. For any discrete random variables X and X,,,n > 1, defined over a finite set X,

e D . . . .
convergence in distribution X,, — X is equivalent to lim,,_,., P(X,, = ) = P(X = z) foreach x € X. Since X
is a finite set, one also has convergence in expectation:

=Y aP(X, =x) "= Y aP(X =) =E[X]. (51)

reX zeX

Combining (50) and (51) yields the result,

i—>00

Ei[xio | mio = mj, 7" = m, 7] — Ei[@se | mi2 = 75, D). (52)
In consequence,
Ei[FTwig | Tio = mj, ™" = ) @ E; 7E; [’I"T$12 | Tio = 7, 7" = T, T| | T2 = 5, 0" = g
:]Eif[r Ei[xio | mio = mj, 7" = T, T | a0 = mj, T = )
ﬂ E;[F|me =mj, 7" = wk]TIEi[a:,;g | mio = m;,P] as i — 00, (53)

where (a) follows from the tower property of expectation, and (b) is an application of (52). This proves the desired
statement, (49). Repeating the same analysis as in (49)-(53), but removing the conditioning on 7* = m, yields:

]EZ'[FT(BiQ |71'1‘2 = 7Tj] — Ei[Flﬂ'iQ = Wj]TEZ‘[(BiQ |71'1‘2 = Wj,ﬁ} as i — 00. 54

The analysis in (45)-(47) can be repeated, replacing the knowledge of p with the asymptotic relations in (53) and (54):
Eilyi | mio = mj,° = ) = Bi[FL (T2 — @ir) + i | Tz = 75, 7 = 7]

=E, [FT(:E/L'Q — ) | Mo =y, T = )

2% EilF | e = mi, =) (Bifaie | Tz = 75, D] — Eifwa))
=E;[F|n* = wk]T(Ei [@i2 | T2 = 7, D] — Ei[x1]), and similarly,

Eilyi | mio = 7] = Ei[FL (@iz — 1) + i | mio = 7] = Ei[F (@i — i) | T2 = 7]
=80 EilF | mi2 = 1] (Bilwia | miz = 7, B) — Eifza])

= Ei[F]" (Bi[ziz | mio = 75, D] — Ei[za]).
Then, the difference between these two quantities asymptotically becomes:

i—00

Eily | mio = mj, 0 = m] — Bilys | mio = m5] "= (B[F | " = mg] — B [F]) T (Bi[apsa | mio = 7, ] — Ei[wa]).

Asymptotically, B! k) can then be expressed as:

B = \/P Bi(m = Wk)(]Ei[yi | mio = mj, 7" = mi] = Eilyi | mi2 = Wj])
= VP = m)(BlF |7 = m] - BfF)T Pt = ) (Bilwia | mia = 75, B) — Eilwa))
= u}vT'vg,
where in the last equality, we define wj, := /P;(7* = m)(Es[F | 7* = 7] — Ei[F]) and v} := /P;(7* = 7))

(Eg[wio | mi2 = 75, D] — Ei[xi1]).

Thus, one can write B® = B 4 B( ) where B\ has jk" element uj v 7. As in (48), B can be written as a

product of a K x d matrix with a d x K matrix, and so its rank is at most d. Meanwhlle, the elements of Bz(; R decay
to zero as ¢ — oo. For any € > 0 and sufficiently-high ¢, the information ratio becomes upper-bounded by:
() d SA

. AN\ 2 AN 2

Tr (B(i))2 Tr (B((lz) + Bgl)) (2) Tr (Bfﬁ)) (®) lR i (B(i)) LL9d, .

i < . = . _ < . < —Ran o e< —+e=—+e¢,
2BONE 280 + BO|Z ~ 2/BY|2, 2 2 2




where (a) follows because Tr(B) and ||B||r are both continuous in the elements of B, and the elements of Béi)

approach zero; (b) follows from Fact 10 in _Russo and Van Roy (2016), as described earlier for the case with known
dynamics; and (c) holds by definition of B((;).

O

Combining Corollary 1 and Lemma 15 yields the asymptotic regret rate for a fixed ;; -distribution:

Theorem 2. If the policy ;1 is drawn from a fixed distribution for each iteration 1, then for the competing policy m;s,
DPS achieves a one-sided asymptotic Bayesian regret rate of:

g /ATlogA.
2
SA

Proof. This result is a direct consequence of Corollary 1 and Lemma 15; the asymptotic bound T' < %= +eforanye
is substituted into the expression in Corollary 1. O

A.3 BOUNDING THE ONE-SIDED REGRET WHEN ONE POLICY IS DRAWN FROM A DRIFTING
AND CONVERGING DISTRIBUTION

We now assume that the distribution of m;; is no longer fixed, but rather, that the sampled policies m;; converge in
distribution toward some fixed probability distribution over II, the set of deterministic policies. We will asymptotically
bound the one-sided regret incurred by 7,2 in this case. To do so, we will leverage that when two discrete random
variables converge in distribution, their mutual information also converges:

Lemma 16. Let X, and Y,, n € N, be two sequences of discrete random variables that take values on the finite sets
X and ), respectively. If X, L. X and Y, = Y, then lim,,_, I(X,;Y,) = I(X;Y).

Proof. Firstly, note that X,, — X and Y, -2+ Y imply that jointly, (X,,,Y,) — (X,Y). Let P,(z) and P(z) be
the probability distributions of X,, and X, respectively. Because the variables are discrete, X, EEN implies that
P, (z) — P(x) for each x € X, and similarly for Y and (X, Y).

We express the mutual information as a sum of entropies: I(X;Y) = H(X)+ H(Y)— H(X,Y) (Cover and Thomas,
2012). It suffices to show that if X,, — X, then lim,,__, H(X,) = H(X): because Y and (X, Y) are also discrete
random variables, this would imply that similarly, lim,,_, H(Y,) = H(Y) and lim,,, H(X,,Y,) = H(X,Y).

By definition, the entropies of X and X, are:

Z P(x)log P(x) and
reX

— " Py(x)log Py(x).

zeX

Because P, (z) — P(x) foreach x € X, for any z € X and § > 0, there exists N,, € N such that for all n > N,
| Py (z) — P(x)| < d.Let N = maxgzex Ny. Then, foralln > N and all z € X, |P,(z) — P(x)| < 4.

Choose any & > 0. Since f(z) = zlog z is continuous for z > 0 (with 0log 0 := 0), there exists 6 > 0 such that if
|P,(x) — P(x)| < 6, then |P,(x) log P,,(x) — P(x)log P(z)| < . We choose a § that satisfies this condition.

Then, there exists N such that for all n > N and for all x € X, |P,(z)log P,(z) — P(x)log P(x)| < €. Finally,
choose € > 0 and set &’ < ﬁ, so that for all n > N:

H(X) -

=Y P(x)log P(z) = > Pu(z)log Po(x

reX reX

<y =X < |X||X|—5
reX

<Z\P )log P(z) — Py () log P, ()
rEX



So for any £ > 0, there exists N such that foralln > N, |H(X)— H(X,,)| < e. This proves that lim,,_, ., H(X,,)
H(X), and therefore that lim,,_,o, I(X,;Y,) = I(X;Y).

o

Armed with this convergence of mutual information, the one-sided regret for ;5 can be bounded as follows:

Lemma 17. Assume that 7;1 is drawn from a distribution that is drifting and converging, that is, w;1 converges

in distribution to some fixed probability distribution. From Lemma 10, if w;1 is drawn from a fixed distribution,
then asymptotically, its information ratio is bounded by I'y.. . . < 32‘4. In the case of a drifting/converging m;1
< SA

R

Tl fixed —

distribution, the information ratio T'; for m5’s one-sided regret satisfies lim;__,o. T'; <T

Proof. By Lemma 15, under a fixed 7;; distribution, the information ratio corresponding to the one-sided regret for
;o is asymptotically upper-bounded: lim; ., I’ < T, where I' is the information ratio at
iteration ¢ when the distribution of ;1 is fixed.

4,701 fixed i1 fixed ? 4,701 fixed

The denominator of the information ratio, I;(7*; (m;2, Ti1, Ti2, €i2 — 41, Yi) ), is @ mutual information between discrete
random variables, as there are finitely-many possible policies, trajectories, and preference outcomes; therefore, by
Lemma 16, it converges to the values that it would have under the fixed distribution to which 7;; converges.

The numerator of the information ratio is the square of the expected instantaneous one-sided regret,
2

E {FT(:L';‘ —x;2) | ’Hﬁ)l} . Conditioned upon the history ’Hﬁ)l, this does not depend upon the action x;;, and thus is

unaffected by the distribution of x;; (recall that the =;;-dependency cancels in the regret formulation in (40)).

Thus, the information ratio can be asymptotically upper-bounded:

hm I < hm Fiﬂfilﬁxed < Fﬂ'ilﬁxed'
11— 00 11— 00
This means that for all £ > 0, there exists ig such that for all i > ig, ['; < Ty, s, + € < % +e. O

A4 OBTAINING THE ASYMPTOTIC REGRET RATE

By combining Lemma 17 with previous results, we obtain the final asymptotic Bayesian regret rate.

Theorem 3. With probability 1 — §, where § is a parameter of the Bayesian linear regression model, the Bayesian
regret E[REG(T)] of DPS achieves an asymptotic rate of S+/2AT log A.

Proof. Combining Theorem 1, Theorem 2, and Lemma 17, the Bayesian one-sided regrets E[REG;(T")] and

E[REG(T)] of policies ;1 and ;5 respectively each achieve asymptotic rates of S'y/ ATIQAA. The total regret is
the sum of the regret contributions from policies 7;; and 7,2, and so asymptotically, E[REG(T')] increases at a rate of

at most S\/2AT log A. O

A.5 FACTS ABOUT CONVERGENCE IN DISTRIBUTION

Recall that for a random variable X and a sequence of random variables (X,), n € N, X, L5 X denotes that

X,, converges to X in distribution, while X, P4 X denotes that X,, converges to X in probability. We apply the
following two facts about convergence in distribution:

Fact 1 (Billingsley (1968)). For random variables x, x,,, € R where n € N, and any continuous function g : R% —
R, if z, L z, then g(xy) 2, g(x).

Fact 2 (Billingsley (1968)). For random variables z,, € R? n € N, and constant vector ¢ € R?, x,, Lyocis
equivalent to ., e Convergence in probability means that for any ¢ > 0, P(||x, —c||2 > €) — 0asn — .



B CREDIT ASSIGNMENT MODELS

This appendix contains the mathematical details of the credit assignment models evaluated in our experiments. Af-
terward, we also discuss possible avenues for extending our regret analysis techniques to additional credit assignment
models besides Bayesian linear regression.

B.1 BAYESIAN LINEAR REGRESSION

Define X € RY*d a5 the observation matrix after N preferences, in which the i row contains observation x; =
@iz — x;1, while y € RY is the vector of corresponding preference labels, with i™ element y; € {—3, 3 }.

Section 4.1 defines the Bayesian linear regression credit assignment model to which our theoretical guarantees apply.
Because the 3;(0) factor necessary for the theoretical guarantees results in a conservative covariance matrix leading to
over-exploration, our simulations implement the following, more practical, variant. We define a Gaussian prior over
the reward vector 7 € R%:  ~ N(0, \11). The likelihood of the data conditioned upon 7 is also Gaussian:

1 1
X,r;0%) = ———exp | ——|ly — Xr||? ).
I, riet) = e (- pally - X01F)

This conjugate prior and likelihood lead to the following closed-form posterior:

r| X, y,0%, A~ N (1, 2), where p = (XX + 0?A) "' X Ty and ¥ = 0*(XTX + o?A)~ L.
B.2 GAUSSIAN PROCESS REGRESSION

Credit assignment via Gaussian processes (Rasmussen and Williams, 2006) extends the linear credit assignment model
in B.1 to larger state and action spaces by generalizing across nearby states and actions. In this and the following
section, we consider two Gaussian process-based credit assignment approaches.

To perform credit assignment via Gaussian process regression, we assign binary labels to each trajectory based on
whether it is preferred or dominated. We place a Gaussian process prior upon the utilities of the state-action pairs.
Using that a trajectory’s total reward is a sum over component state-action utilities, we will show how to perform
inference over sums of Gaussian process variables to infer the state-action utilities from each trajectory’s total utility.
As the total utility of each trajectory is not observed in practice, the binary preference labels are instead substituted as
approximations in their place.

Let {31,...,54} denote the d = SA state-action pairs. In this section, the data matrix Z € R2V*9 holds all state-
action visitation vectors 1, T2, for DPS iterations k € {1, ..., N'}. (This contrasts with the other credit assignment
methods, which learn from their differences, xxo — xg1.) Let zZT be the i row of Z, such that Z = [z1..., 29 N]T,
and z; = xy; for some DPS iteration k and j € {1,2}, that is, z; contains the state-action visit counts for the
i™ trajectory rollout. In particular, the i matrix element z;; = [Z];; is the number of times that the i observed
trajectory z; visits state-action 5.

The label vector is y € RV, where the i element y; is the preference label corresponding to the i observed
trajectory. For instance, if 7;0 > 741, then a;5 receives a label of %, while x;; is labelled —%. As before, we use
7(8) to denote the true utility of state-action §, with 7(7) being trajectory 7’s total utility along the state-action pairs it
encounters. To infer 7, we approximate each 7(7;) with its preference label y;.

We place a Gaussian process prior upon the rewards 7: ¥ ~ GP(u,., K,.), where p,, € R? is the prior mean and
K, € R g the prior covariance matrix, such that [K,];; models the prior covariance between 7(3;) and 7(3;). We
model trajectory 7;’s total utility, 7(7;), as a sum over the latent state-action utilities: 7(;) = Z?zl 2i;7(5;). Let R;
be a noisy version of 7(7;): R; =T(7;) + &;, where g; ~ N (0, ag) is i.i.d. noise. Then, given rewards 7, we expect:

d
Ri = ZZMF(EJ‘) -+ Ei.
j=1

Because any linear combination of jointly Gaussian variables is Gaussian, R; is a Gaussian process over the values
{zi1,---,2ia}. Let R € R2V be the vector with i element equal to R;. We will calculate the relevant expectations



and covariances to show that 7 ~ GP (., K,.) and R have the following jointly-Gaussian distribution:

7 pe | [ K» K.Z"
[R] NN([XHJ ’ [ZK,.T ZK,.ZT+U§JD' (55)

The standard approach for obtaining a conditional distribution from a joint Gaussian distribution (Rasmussen and
Williams, 2006) yields 7| R ~ N (p, ), where:

w=p,+KZ'NZK.Z" + 21 (R~ Zp,) (56)
Y=K, - KZ"ZK,Z" + 0?17 ZK. (57)
In practice, we do not observe the variable R. Instead, R is approximated with the observed preference labels y,

R ~ y, to perform credit assignment inference.

Next, we derive the posterior inference equations (56) and (57) used in Gaussian process regression credit assignment.
We infer the state-action rewards 7 given noisy observations R of the trajectories’ total utilities via the following four
steps, corresponding to the next four subsections:

A) Model the state-action utilities 7(3) as a Gaussian process over state-action pairs S.
B) Model the trajectory utilities R as a Gaussian process that results from summing the state-action utilities 7(3).

C) Using the two Gaussian processes defined in A) and B), obtain the covariance matrix between the values of
{F(8)|s€1,....,d}and {R;|i € 1,...,2N}.

D) Write the joint Gaussian distribution in (55) between the values of {7(5)|$ € 1,...,d} and {R;|i € 1,...,2N},
and obtain the posterior distribution of 7 over all state-actions given R (Equations (56) and (57)).

B.2.1 The state-action utility Gaussian process

We model the state-action utilities as a Gaussian process over 3, with mean E[7(5)] = p,-(5) and covariance kernel
Cov(7(5),7(8")) = k. (8, §), for all state-action pairs §, §'. For instance, k,. could be the squared exponential kernel:

< 2
ko(3,) = 02 exp (; (”Sls') ) + 02535, (58)

where o is the signal variance, [ is the kernel lengthscale, o, is the noise variance, and J;; is the Kronecker delta
function. Thus,

7(3) ~ GP(ur(8), kr(5,8)).

Define p1, € RY such that the i element is [u,.]; = p,-(3;), the prior mean of state-action 3;’s utility. Let K, € R*4
be the covariance matrix over state-action utilities, such that [K,];; = k,(§;, §;). Therefore, the reward vector T is
also a Gaussian process:

T~ GP(u,, K,).

B.2.2 The trajectory utility Gaussian process

By assumption, the trajectory utilities R € R are sums of the latent state-action utilities via the following relation-

ship between R and 7:
d

R(ZZ) =R, = Zzij?(éj) + &4,

J=1

where ¢; are i.i.d. noise variables distributed according to N(0,02). Note that R(z;) is a Gaussian process over
z; € R? because {7(5;),¥j} are jointly normally distributed by definition of a Gaussian process, and any linear



combination of jointly Gaussian variables has a univariate normal distribution. Next, we calculate the expectation and
covariance of R over the observations. The expectation of the i'" element R; = R(z;) can be expressed:

d d d
Dozt +ei| =Y w BRG] = Y zime(3)).
j=1 j=1 Jj=1

The expectation over R can thus be written as E[R(Z)] = Zu,.. Next, we model the covariance matrix of R. The ij®
element of this matrix is the covariance of R(z;) and R(z;):

d
(Z sz,ur Sk > <Z ij,ur(gm)>
=1
d d
= Z Z ZikZimE[F(8k)7(3m)] + Ele;e;] — Z Z ZikZjmr (81) tor (31m)
k=1m=1 k=1m=1
d d
= Z Z {szzjm[COV( (31),7(8m)) + tr(8%) por (3m )] — Zikzjm#r(gk),“r(gm) + Jgﬂ[izj]}
k=
d d
= Z Z 2ik2jm Cov(T(5k), T(5m)) —&—052]1[2-:]-]
k=
d d
=3 zinzjmkr(§k, 8m) + 02ljimg) = 2] Kr2zj + 02—

We can then write the covariance matrix of R as Kr, where [Kg];; := Cov(R(z;), R(2;)) = 2] K;z; + 02—
From here, it can be seen that K = ZK, ZT + 03[ :

T

z
1 T T

T zi Krz1 ... z{ Krzon
2

ZK,.Z"=| T | K|z 22 ... zon]|= : : =Kp — o2l

: T T

LT zonKrz1 ... zonyKrzon

2N

B.2.3 Covariance between state-action and trajectory utilities

We next consider the covariance between 7 and R, denoted K. :

(K, rlij = Cov([T];, [R];) = Cov(T(8:), R(2;)).



This covariance matrix can be expressed in terms of Z, K., and p,.:
d
(K, rlij = Cov(7(3;), R(2;)) = Cov <r(§i)7 >z (5k) + 5j>

k=1
E zjkr sk +€;

d
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where [K |1 is the column vector obtained by transposing the i row of K. It is evident that K, r=K,Z T

B.2.4 Posterior inference over state-action utilities

Merging the previous three subsections’ results, one obtains the following joint probability density between 7 and R:
T w (| B K, K. ZT
R Zp, | | ZKY ZK,ZT + 0% )"

This relationship expresses all components of the joint Gaussian density in terms of Z, K., and p,, or in other words,
in terms of the observed state-action visitation counts (i.e., Z) and the Gaussian process prior on 7. Via the standard
approach for obtaining a conditional distribution from a joint Gaussian distribution, we obtain 7| R ~ N (u, 3), where
the expressions for p and X are given by Equations (56) and (57) above. Substituting y for R, we have expressed the
conditional posterior density of 7 in terms of Z, y, K, and p,..

B.3 GAUSSIAN PROCESS PREFERENCE MODEL

Finally, we show how to extend the preference-based Gaussian process model defined in Chu and Ghahramani (2005)
from the dueling bandit setting to the PBRL setting to perform credit assignment. Similarly to the GP regression
model, this approach places a Gaussian prior over possible rewards 7; in contrast, however, this method explicitly
models the likelihood of the observed preferences given the utilities 7, and thus it is a more theoretically-justified
approach for handling preference data.

We elicit a preference feedback dataset D = {72 = 7;1 |7 = 1,..., N}, where 7,2 > 71 indicates that trajectory 7;o
is preferred to 751 in preference 7. Without loss of generality, we index each trajectory pair ¢ such that 7,5 > 7;1. As

before, we assume that each state-action pair 5;,5 € {1,...,d}, has a latent, underlying utility 7(5;). In vector form,
these are written: 7 = [7(31),7(52), ..., 7(34)]7. We define a Gaussian prior over 7:
1 1
p(F) = ——F— exp (—T‘Tzlr)7 (59)
(2m)2 [X]? 2

where ¥ € R*? and [X];; = k(7(5;),7(5;)) for some kernel function k, such as the squared exponential kernel
defined in (58). Next, we assume that the likelihood of the i preference given utilities 7 takes the following form:

7(ri2) — T(Ti1)> ,

P(Ti2>7'i1|’r):g( p



where g(-) is a monotonically-increasing link function that is bounded between 0 and 1, and ¢ > 0 is a model
hyperparameter controlling the degree of preference noise. The total return 7(7;1) of trajectory 7;; can be written in
terms of the corresponding state-action visitation vector x;1: 7(7;1) = FT:Bﬂ. Thus, the full likelihood expression is:

N T(1ia) — 7 (74 7l (@ — x; 7T,
POF) = o), == TI) T (@2 m20) TE (60)

- c c C
=1

Given the preference dataset D, we are interested in the posterior probability of 7:
p(T|D) < P(D|7)p(7),

where the expressions for the prior p(7) and likelihood P (D | 7) are given by Equations (59) and (60), respectively. We
sample reward vectors 7 from the posterior obtained via the Laplace approximation, 7 ~ N (fyap, @Xmap), Where:

Pymap = argmin,. S(r), (61)

Sviar = (V2S(1) i) s (62)

and S(r) := LrTS 1 — Zf\il log g(z;) (note that S(r) is equivalent to — log p(r, D), neglecting constant terms);
lastly, @ > 0 is a tunable hyperparameter that influences the balance between exploration and exploitation. In order
for the Laplace approximation to be valid, S(7) must be a convex function in r: this guarantees that the optimization
problem in (61) is convex and that the covariance matrix defined by (62) is positive semidefinite, and therefore a valid
Gaussian covariance matrix. Convexity of S(r) can be established by demonstrating that its Hessian matrix is positive
definite. It can be shown that for any r, V2S(r) = X~ + A, where:

2
9" (z) (9’(%))
- + , (63)
9(z:) 9(z:)
for x; = x;5 — x;1. To show that V,%S (r) is positive definite, because the prior covariance X is positive definite, it
suffices to show that A is positive semidefinite. From (63), one can see that:

A %i l_g“(z» . (g/(zaﬂ vl

A = = S (il

C

9(zi) 9(zi)

Clearly x;x? is positive semidefinite, and thus we arrive at the following sufficient condition for convexity of S(r):

[_gg”((;)) T (i(f;)} > 0forall z € R.

This condition is in particular satisfied for the Gaussian link function, ggaussian(-) = P(-), where @ is the standard
Gaussian CDF, as well as for the sigmoidal link function, g, () := o(z) = Our experiments utilize the
sigmoidal link function.

1
1+exp(—z) "

B.3.1 Bayesian Logistic Regression

Many of our experiments with the Gaussian process preference model fall under the special case of Bayesian logistic
regression, in which ¢ = 1, g is the sigmoidal link function, and the prior covariance matrix is diagonal, i.e. ¥ = AI;
for instance, the latter condition occurs with the squared exponential kernel defined in (58) when its lengthscale [ is set
to zero. In this case, the Gaussian prior over possible reward vectors » € R? is: © ~ N'(0, \I), where A > 0. Setting
the i preference label y; equal to 1 if 7,5 > 7;1, while y; = —1 if 7,1 > 79, the logistic regression likelihood is:

N

p(Dlr) = Hp(mi;yih’) = H

i=1 =1

1
1 +exp(—yzlr)
p(—yiziT)




We approximate the posterior, p(r | D) < p(D | 7)p(r), as Gaussian via the Laplace approximation:

p(’l" | D) ~ N(’l"\'MAp, OéZMAp), where:
Fmap = argmin f(r), f(r) := —logp(D,r) = —logp(r) — logp(D|r), (64)

-1
YMAP = (V?w f(r) ‘ A) , where the optimization problem in (64) is convex,
r
and o > 0 is a tunable hyperparameter that influences the balance between exploration and exploitation.

B.4 EXTENDING PROOF TECHNIQUES TO OTHER CREDIT ASSIGNMENT MODELS

Currently, our proof methodology treats only the Bayesian linear regression credit assignment model. Extending it to
other credit assignment models, such as the Gaussian process-based and Bayesian logistic regression methods detailed
above, is an important direction for future work. Recall that our theoretical analysis follows three main steps:

1. Prove that DPS is asymptotically-consistent, that is, over time, the probability that DPS selects the optimal
policy approaches 1 (Appendix A.1).

2. Assume that in each iteration 4, policy 7;; is drawn from a fixed distribution while policy ;5 is selected by DPS.
Then, asymptotically bound the one-sided regret for ;2 (Appendix A.2).

3. Assume that policy 7;; is drawn from a drifting but converging distribution while policy ;5 is selected by DPS.
Then, asymptotically bound the one-sided regret for ;2 (Appendix A.3).

Notably, this proof outline does not depend upon any specific credit assignment model definition, and thus could
likely extend to many models. Step 1) requires asymptotic consistency of the credit assignment model; this is not
a restrictive requirement, as a non-asymptotically consistent model would not yield sublinear regret. Step 2) fixes
one of the two distributions from which policies are drawn; this removes some mathematical difficulties inherent in
analyzing preference-based sampling, making the required analysis more similar to the numeric feedback setting. Step
3) depends mainly upon continuity arguments.

The information-theoretic perspective used to prove 2) and 3) likely applies to a wide class of credit assignment
models. For instance, recent work has applied the bandit analysis framework in Russo and Van Roy (2016) to bandits
with rewards generated via a class of general link functions (Dong and Van Roy, 2018). In particular, the information
ratio has been studied for the logistic bandit problem (Dong et al., 2019); we expect that this work could be extended
toward analyzing credit assignment via Bayesian logistic regression in the PBRL setting.

Another interesting direction would be to analyze the information ratio for the state transition dynamics model. Bound-
ing this quantity would strengthen the results significantly, since our current analysis only considers dynamics conver-
gence asymptotically. Such a result would also be of independent interest outside of preference-based learning.

Finally, the concept of approximate linearity (Sui et al., 2017) could perhaps help to bridge the gap between the
preference and absolute-reward domains, as it has previously done in the bandit setting, and could help to extend
existing proof techniques toward a wider class of link functions. In practice, we expect that DPS would perform well
with any asymptotically-consistent credit assignment model that sufficiently captures users’ preference behavior.

C WHY THE INFORMATION-THEORETIC REGRET ANALYSIS?

Several existing regret analyses in the linear bandit domain (Abbasi-Yadkori et al., 2011; Agrawal and Goyal, 2013;
Abeille and Lazaric, 2017) utilize martingale concentration properties introduced by Abbasi-Yadkori et al. (2011). In
these analyses, a key step requires sublinearly upper-bounding an expression of the form (e.g. Lemma 11 in Abbasi-
Yadkori et al. (2011), Prop. 2 in Abeille and Lazaric (2017)):

n 1—1 -1
Z :B;‘F ()\I + Z :BS:BST> x;, (65)
i=1 s=1



where A > 1 and x; is the observation vector in iteration . We will demonstrate that in the preference-feedback
setting, the analogous quantity cannot always be sublinearly upper-bounded. Consider the setting defined in Section
3, with Bayesian linear regression credit assignment. Under preference feedback, we assume that the probability that
one trajectory is preferred to another is fully determined by the difference between the trajectories’ total rewards: on
iteration ¢, the algorithm receives a pair of observations x;1, €;2, with ; := x;2 — x;1, and a preference generated
according to P(7;2 > 7;1) = FT(:BZ-Q —xi) + % Thus, only differences between compared trajectory feature vectors
yield information about the rewards. Under this assumption, one can show that applying the martingale techniques
yields the following variant of (65):

n 2

i—1 -1
S > al; </\1 +y :ca:T> ;. (66)
s=1

1=1 j=1

This is because the expression within the matrix inverse comes from the posterior—and learning occurs with respect
to the observations x;—while regret is incurred with respect to ;1 and x;2; in contrast, in the non-preference case
(65), learning and regret both occur with respect to the same vectors x;.

To see that (66) does not necessarily have a sublinear upper bound, consider a deterministic MDP as a counterexample.
For the regret to have a sublinear upper-bound, the probability of choosing the optimal policy must approach 1. In a
fully deterministic MDP, this means that P(x;; = x;2) — 1 asi — oo, and thus P(x; = 0) — 1 asi — oo.
Clearly, in this case, the inverted quantity in (66) acquires nonzero terms at a rate that decays in n, and so (66) does
not have a sublinear upper bound.

Intuitively, to be able to upper-bound Equation (66), we would need the observations ;1 , ;2 to contribute fully toward
learning the rewards, rather than the contribution coming only from their difference. Notice that in the counterexample,
even when the optimal policy is selected increasingly-often, corresponding to a low regret, (66) cannot be sublinearly
bounded. In contrast, Russo and Van Roy (2016) introduces a more direct approach for quantifying the trade-off
between instantaneous regret and information gained, as encapsulated by the information ratio defined therein; our
theoretical analysis is thus based upon this framework.

D ADDITIONAL EXPERIMENTAL DETAILS

Python code for reproducing the experiments in this work is located at:
https://github.com/ernovoseller/DuelingPosteriorSampling.

Experiments were conducted in three simulated environments, described in Section 6: RiverSwim and random MDPs
(Osband et al., 2013) and the simplified version of the Mountain Car problem described in Wirth (2017). We use a
fixed episode horizon of 50 in the first two cases, while for Mountain Car, episodes have a maximum length of 500, but
terminate sooner if the agent reaches the goal state. Figures 2, 3, and 4 display performance in the three environments
for the five degrees of user preference noise evaluated. Experiments were run on an Ubuntu 16.04.3 machine with 32
GB of RAM and an Intel i7 processor. Some experiments were also run on an AWS server.

We detail the ranges of hyperparameter values tested for the different DPS credit assignment models, as well as the
particular hyperparameters used in the displayed performance curves. Hyperparameters were tuned by considering
mean performance over 30 experiment repetitions for each parameter setting considered; we only used the least-
noisy preference feedback (logistic noise, ¢ = 0.001) to tune the preferences; this value of c is small enough that
the preferences are close to deterministic, except that the preferences are uniformly-random in tie cases. For both
Gaussian process-based credit assignment models, we use the squared exponential kernel:

12—\’
IC(I‘Z‘,I']') = CTJ2: exp (2 (xl%> ) +0727,§ij3

where o is the signal variance, [ is the kernel lengthscale, o, is the noise variance, and J;; is the Kronecker delta
function. Please see Appendix B for definitions of the other hyperparameters in the credit assignment models. Tables
2, 3, and 4 display both the tested ranges and optimized values (those appearing in the performance curves) for each
case.
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Figure 2: Empirical performance of DPS in the RiverSwim environment. Plots display mean +/- one standard devia-
tion over 100 runs of each algorithm tested. Normalization is with respect to the total reward achieved by the optimal
policy. Overall, we see that DPS performs well and is robust to the choice of credit assignment model.

The dynamics model, meanwhile, has a Dirichlet prior and posterior. Not to assume domain knowledge that differ-
entiates the state-action pairs, we set all prior parameters of the Dirichlet model to be equal; for the RiverSwim and
Random MDP environments, the prior is set to 1 for each state-action, creating a uniform prior over all dynamics mod-
els. This is a reasonable choice with small numbers of states and actions, so we do not optimize over different values.
For the Mountain Car problem, smaller prior values perform better because they favor sparse dynamics distributions.

For this environment, we test prior parameters ranging from 0.0001 to 1, and found 0.0005 to be the best-performing
value among those tested.

The EMPC algorithm (Wirth and Fiirnkranz, 2013b) has two hyperparameter values, « and 1. We optimize both of
these jointly via a grid search over values of (0.1,0.2,...,0.9), with 100 repetitions of each pair of values. The best-
performing hyperparameter values (i.e. those achieving the highest total reward) are displayed in Table 1; these are
the hyperparameter values depicted in the performance curve plots.

Finally, Figures 5, 6, and 7 illustrate how DPS’s performance varies as the hyperparameters are modified over a set of
representative values from the ranges that we tested. These plots demonstrate that DPS is largely robust across many
choices of model hyperparameters.



Table 1: Hyperparameters for the EPMC baseline algorithm. Each table element shows the best-performing a/n values
for the corresponding simulation domain and noise parameter.

NOISE LOGISTIC,10 LOGISTIC,2 LOGISTIC,1 LOGISTIC, 0.0001 LINEAR
RiverSwim 0.1/0.8 0.3/0.7 0.1/0.2 0.8/0.8 0.3/0.1
Random MDPs  0.2/0.2 0.7/0.7 0.6/0.4 0.2/0.8 0.7/0.1

NOISE LOGISTIC, 100 LOGISTIC,20 LOGISTIC,10 LOGISTIC, 0.0001 LINEAR

MountainCar 0.1/0.8 0.1/0.7 0.1/0.6 0.1/0.4 0.2/0.5

Table 2: Credit assignment hyperparameters for the RiverSwim Environment

MODEL HYPERPARAMETER RANGE TESTED OPTIMIZED VALUE

Bayesian linear regression o [0.05, 5] 0.5

A [0.01, 10] 0.1
GP regression crj% [0.001, 0.5] 0.1

l [0, O] ([state, action]) O

o2 [0.0001, 0.1] 0.001
GP preference (special case: A = 0% + o7 [0.1, 30] 1
Bayesian logistic regression) « [0.01, 1] 1
GP preference (varying c) c [1, 13] N/A

2 1

0% [1]

l [0, O] ([state, action])

o2 [0.001]

a [1]

Table 3: Credit assignment hyperparameters for the Random MDP Environment

MODEL HYPERPARAMETER RANGE TESTED OPTIMIZED VALUE

Bayesian linear regression o [0.05, 5] 0.1

A [0.01, 20] 10
GP regression a]% [0.001, 1] 0.05

l [0, O] ([state, action]) O

o2 [0.0001, 0.1] 0.0005
GP preference (special case: A\ = 012@ +o? [1, 15] 0.1
Bayesian logistic regression) o [0.01, 1] 0.01
GP preference (varying c) c [0.0001, 1000] N/A

o2 [1]

l [0, O] ([state, action])

o2 [0.03]

a (1]
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Figure 3: Empirical performance of DPS in the Random MDP environment. Plots display mean +/- one standard
deviation over 100 runs of each algorithm tested. Normalization is with respect to the total reward achieved by the
optimal policy. Overall, we see that DPS performs well and is robust to the choice of credit assignment model.

Table 4: Credit assignment hyperparameters for the Mountain Car Environment

MODEL HYPERPARAMETER RANGE TESTED OPTIMIZED VALUE
Bayesian linear regression o [0.001, 30] 10
A [0.001, 10] 1
GP regression O']2c [0.0001, 10] 0.01
l [z, z, 0], z € [1,3] x =2
([position, velocity, action])
o2 [le-7,0.01] le-5
GP preference (special case: A\ = 0% + o7, [0.0001, 10] 0.0001
Bayesian logistic regression) « [0.0001, 1] 0.01
GP preference (varying c) c [10, 10000] N/A
2
o2 (1]
l (2,2,0]
([position, velocity, action])
o2 [0.001]

a (1]
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Figure 4: Empirical performance of DPS in the Mountain Car environment. Plots display mean +/- one standard
deviation over 100 runs of each algorithm tested. Overall, we see that DPS performs well and is robust to the choice
of credit assignment model.
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Figure 5: Empirical performance of DPS in the RiverSwim environment for different hyperparameter com-
binations.  Plots display mean +/- one standard deviation over 30 runs of each algorithm tested with lo-
gistic user noise and ¢ = 0.001. Overall, we see that DPS is robust to the choice of hyperpa-
rameters. The hyperparameter values depicted in each plot are (from left to right): for Bayesian lin-
ear regression, (o,\) = {(0.5,0.1),(0.5,10),(0.1,0.1),(0.1,10),(1,0.1)}; for GP regression, (07,07) =
{(0.1,0.001), (0.1,0.1), (0.01,0.001), (0.001,0.0001), (0.5,0.1) }; for Bayesian logistic regression (special case of
the GP preference model), (A, ) = {(1,1),(30,1),(20,0.5), (1,0.5),(30,0.1)}; and additionally for the GP pref-
erence model, ¢ € {0.5,1,2,5,13}. See Table 2 for the values of any hyperparameters not specifically mentioned
here.
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Figure 6: Empirical performance of DPS in the Random MDP environment for different hyperparame-
ter combinations. Plots display mean +/- one standard deviation over 30 runs of each algorithm tested
with logistic user noise and ¢ = 0.001. Overall, we see that DPS is robust to the choice of hyper-
parameters. The hyperparameter values depicted in each plot are (from left to right): for Bayesian lin-
ear regression, (o,A) = {(0.1,10),(0.1,0.1),(0.05,0.01), (0.5,20), (1,10)}; for GP regression, (c7,07) =
{(0.05,0.0005), (0.001, 0.0001), (0.05,0.1), (0.001, 0.0005), (1,0.1) }; for Bayesian logistic regression (special case
of the GP preference model), (A, o) = {(0.1,0.01),(1,0.01), (0.1,1),(30,0.1),(5,0.5)}; and additionally for the
GP preference model, ¢ € {1,10,15,19,100}. See Table 3 for the values of any hyperparameters not specifically
mentioned here.
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Figure 7: Empirical performance of DPS in the Mountain Car environment for different hyperpa-
rameter combinations.  Plots display mean +/- one standard deviation over 30 runs of each algorithm
tested with logistic user noise and ¢ = 0.001. Overall, we see that DPS is robust to the choice
of hyperparameters. The hyperparameter values depicted in each plot are (from left to right): for
Bayesian linear regression, (o,A) = {(10,1),(10,10),(30,0.001),(0.001,10),(0.1,0.1)}; for GP re-
gression,  (0%,1,07) = {(0.01,2,107°),(0.01,1,107?), (0.1,2,0.01), (1,2,0.001), (0.001,3,1076)};
for Bayesian logistic regression (special case of the GP preference model), (A «) =
{(0.0001,0.01), (0.1,0.01), (0.0001, 0.0001), (0.001, 0.0001), (0.001,0.01)}; and additionally for the GP pref-
erence model, ¢ € {10,300, 400,700,1000}. See Table 4 for the values of any hyperparameters not specifically
mentioned here.



