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A Proof of Theorem 1

Proof. Let us express the inverse of f in the data generative model (1) by g such that s = g(a). The change of
variables provides

log p(z|u) = log {(1 — e(u))p™(g(@)|u) + e(u)d(g(x)|u)} + log| det Jg(x)|
= log {p"(g(z)[u) + e(u)(6(g(z)[u) — p*(g(z)|u))} + log | det Jy(z)]

1og{ {1+e < (( ))‘3)1>H+1og|det,rg(m)|

— logp*(g(@)]u) + €(w) (W - 1) T Oe(w)?) + log| det J, ()|,

where we applied log(1 + €(u)z) = €(u)z + O(e(u)?) with a sufficiently small €(w) on the last line. Then, the
conditionally exponential family assumption (A2) gives

dx
g p(el) = 3, (o @) + et (190

j=1

- 1) + O(e(u)?) + log | det Jy(z)| — log Z(A(u)).

Contrasting two log-conditional densities of  given w and a fixed point u yields

log plafu) — log plefuo) = (A(u) — Aluo)) g (g(x)) + {e(wm - (“’W}

+O(e(u)?) + O(e(uo)?) — (log Z(A(u)) — log Z(A(uo))), 2D

where A(u) := (Ay(u),..., g (w)", ¢*(g(z)) := (gf(91()),...,q} (9a.(x))) . and note that the Jacobian
| det Jg ()| is cancelled out.

On the other hand, by the universal approximation assumption (A4), we obtain

log p(alu) — log plaluo) = (w(u) — wlug)) h() — loge(w) + log e(uq). (22)



Then, equating (21) with (22) provides

Aw) g (g(@)) + e<u>m — e(up)

5(g(x)|uo)

u)? cu)?) = wlw) T hiz) + 3(u
S g@)uny O+ O(w)®) = w(w) h(@) + Bu). @3)

where w(u) := w(u) — w(ug), A(u) := A(u) — A(up), and B(u) := loge(u) — loge(ug) + log Z(A(u)) —
log Z(A(to).

Next, we multiply X(u) to the both sides of (23) and evaluate it at m points, w1, . . . , U,,. Finally, taking the summation
for uq,...,u,, yields

P p*(g()|u;) p*(g(x)|uo)
A
+ Z {O(e(u;)?) + e(uo)®) } Alw;) = (Z u‘)(ui)/\(ui)—r> h(x) + Z Bwi)A(u;).
i=1 i=1 i=1
Applying the inverse of A to both sides completes the proof. O

B Influence of outliers in general non-exponential case

As in Hyvirinen et al. [2019], we assume that the general conditional independence (4) holds, and that both the mixing
function f in the data generative model (1) and a nonlinear feature h(x) = (hy(x), ..., hq_ (x)) " are invertible. Then,
by the change of variables from the generative model (1),

v(y):=s=Ff 'oh !(y), and y := h(x)

where o denotes composition. For the case of no outliers, Hyvirinen et al. [2019] proved that the nonlinear feature
h(x) asymptotically recover the source s up to elementwise invertible transformations by showing that the following
equations hold: Forall 7,5,k = 1,...,d, with j # k,

0 1o} 0?
—~—U; = 0, —~—U; = 07 and V;
dy; w) Oy, ) Y0y

(y) =0. (24)

Eqgs.(24) indicate that each v;(= s;) is a function of only one distinct element in y(= h(x)), and thus s is identifiable
by h(x) up to elementwise invertible transformations. By denoting the first- and second-order derivatives of v;(y)
in (24) as

_ 0 k. 02
T "Ul(y)’ v = ay]ayk U4

(y),
Eqgs.(24) for all ¢, j, k can be compactly expressed as the following matrix form:
M (v) = O, (25)

where O denotes the null matrix, and M (v) is a (d2 — dy) by 2d, matrix and defined by

olo? okl whed o2 el op

o vl vl N me BB

M(v) := o "
dy—1, dy dy—1, dy dy—1, dy dyx—1,dx dyx—1,dx dyx—1,dx

Uq Uy Vo Uy o vdx de vy Uy . de



However, in the presence of outliers, (25) does not hold in general. In order to investigate the influence from outliers,
we define the following notations:

viv3 vjv3 SR TS

M (v) = —
dye—1, dy dye—1, dy dx—1, dx
U1t Ut Uyt Uzt e d—1Yd,

w(v,u,ug) := —2('0|uu) 8—2(v|uu)£(v|uu) 2
s Wy, o) . — av%(p ) 0’.”’81}(21)(@ ) 078v1§0 ) O’”.’a’l)

x

@(vlu,uO)>

so<v|u,uo>) 7

» 2 32 82
w(v,u,ug) := (8vlav2gp(v|u,uo), mgp(ﬂu,uo),.

" Oug,—10va,

where p(v|u, ug) := logp(v|u) — log p(v|up), up denotes a fixed point of wu, M(v) by a (d2 — dy) by (d? — dy)
matrix, while w(s, u, ug) and w(s, u, ug) is the 2dy- and (d? — d, )-dimensional vectors, respectively. The following
theorem is useful to understand how (295) is affected by outliers:

Theorem 3. Assume that

(B1) Data x is generated from (1) where f is invertible.

(B2) Conditional independence (4) holds.

vlu “(v]u b (v|u . i i,
(B3) For all v and u, p{((i‘u)), Z*((v‘lu)) and 61)*(&7|LL)) are finite where §'(vlu) = a%ié(vm) and 0" (v|u) =
d(v|u).

62
B’Ui,a’l}j

(B4) The conditional density of x given w is universally approximated with an invertible feature extractor h(x)
(h1(@), .., ha, (@)) as

dx
og L _ ™ (), w), (26)
where 1), ¢ and e are nonzero scalar functions.

Then, under the contaminated density model (5), the following holds at a fixed point ug:

M (v)w(v,u,ug) = M(v)w(v,u,ug). 27

The proof is given in Section B.1. First of all, in the case of no outliers, Theorem 3 essentially recovers Theo-
rem 1 in Hyvérinen et al. [2019]: When e(u) = 0 for all u, p(v|u, ug) = E?;l {¢* (vilug) — ¢*(v;|ug)} and thus
w(v, u,ug) = 0, which yields from (27)

M (v)w(v,u,ug) = O.
Then, applying an additional assumption called Assumption of Variability [Hyvirinen et al., 2019]' recovers (25).

However, when e(u) # 0, w(v,u,ug) is a nonzero vector and thus the right-hand sides on (27) are nonzeros in
general. Let us remind that the elements in w(v, u, ug) are given by

2

8%6’%‘

{log p(v|u) —log p(vluo)} (28)
where i,j = 1,...,dy buti # j. Obviously, it is not easy to understand when these elements (28) are strongly
deviated from zeros, yet the following proposition proved in Section B.2 gives some insight:

'The assumption mean that there exist 2d, + 1 points, o, w1, . . . , U4, such that w(v, w1, uo), ..., w(v, Uaa,, wo) are linear
independent, implying that the conditional density p* (v|w) is sufficiently complex and diverse.



Proposition 1. Assume than the conditional independence (4) holds and sources are generated from the contaminated
density model (5). Then, with sufficiently small e(u),

2

Gvi (91)]'

log p(v]u)

— e(u m — o (vilu 5j(”|“) — (v lu 5i(”|u) o tw) o™ (vslw d(v|u) ()2

where i # j and ¢*'(v;|u) == 52~ q*(v;|w).

Eq.(29) allows us to more easily understand the implication of (28): w (v, u, uo) would be strongly deviated from the

zero vector when at least one of 2(21%) 5i(v|u) , 61(1"“) ;j(vlu)
p*(vlu)’ p*(vlu)’ p*(v|u) (v|u)

large when smooth é(v|u) lies on the tails of p*(v|u).

and (Z is large. The four ratio factors could be very
B.1 Proof of Theorem 3
Proof. We first obtain the expression of log p(x|u) by the change of variables the data generative model (1) as

log p(x|u) = log p(g(x)|u) — log Z(u) + log | det Jg ()|,

where g := f~!, and J,(z) and det denote the Jacobian and determinant, respectively. Then, the universal approxi-
mation assumption (B4) gives

dx
S (i (@), u) = log p(g () u) — log Z(w) + log | det J, (x)].

i=1

To remove the Jacobian term and log-partition function, we compute the differences of the above equations at u and a
fixed point ug as

ds
> (hi(x), u, ug) = log p(g(w)|u) —log p(g(a)|uo).
=1

where

U(ys, w, ug) = o(v(y), w, uo), (30)

where

P(v(y), u, up) :=log p(v(y)|u) — log p(v(y)|uo)-

Next, let us use or remind the following notations:

0 m 0?
WZ<U7U’U0) = 781;1(’0(1)’”’“0)’ ob (v,u,ug) := D0 o(v,u, ug)
0 ' 0?
k._ Jik o _
v = —u(y), v = v1(y).
U o 1(y) i By; 90 1(y)

Taking the second-order partial derivative of the left-hand side on (30) with respect to y; and y;, for j # k yields

32
Oy 0yy,

dx
> (yi, u,ug) = 0. (31)

i=1



On the other hand, the second-order partial derivative of the right-hand side on (30) can be expressed as

02 &
g 20 0) = 3 [0 oo+ ] + ; zl (v wa)efeh 32
— =1 m=1
Equating (31) with (32) under (30) gives the following equation:
dx dx  dx
Ll ik 1 gkl _ Lm i,k
Z {cp (v, w, uo)v) v + ¢ (v, u, ug)v; ] = @ (v, u, uo) v} vy, (33)
=1 I=1 m=1
m##l

Regardingj = 1,...,dyand k = 1,...,d,, we collect all of Uljvlk, vljk and —vljv,kn for j # kand [ # m as (d? — dy)-
dimensional vectors, a;(v), b;(v), and ¢; ., (v), respectively. Then, (33) for all j and & (but j # k) can be expressed
as

de d

d
Z vuuoal()—l—go(vuuobl Zg@ (v, u,up)cm (V).
1=1 1=1 m=1

m£l

Furthermore, the above equations for all [ and m (but [ # m) can be summarized as the following system of linear
equations:

%

M (v)w(v,u, up) = M (v)w (v, u, ug),
where M (v) = (a1(v),...,a,(v),b1(v),...,b,(v)), ( ) = (c12(v),c13(v),...,¢4.a,-1(v)), and
w(v,u, up) is the 2d,-dimensional vector of all " (v, u,ug) and ' (v, u uo) forl =1,...,dy, and w(v,u,ug)
is the (d? — d)-dimensional vector of all ¢"™ (v, u,ug) for l,m = 1,...,d, but | # m. Thus, the proof is com-

pleted. O

B.2 Proof of Proposition 1

Proof. We first define the following notations:

l 0 l,m 82

P vlw) = 5 plolw) P o) i= 5 (o)
*1 0 * *l,m 82 *

P (vlw) = o (vlw) P (0fu) = o (ofu)

Then, under the contaminated density model (5), we compute

o? o o2 5(vlw)
1 = I * It 1 —1
oo Youp(olu) = 5o (vla) + 52— g {1+ c(w) ( )}
2

p*(vlu)

i (428 )

where we used the following relation under the conditional independence assumption (4):

2

(%lav

logp ('U|u avlav Zq Ut‘u _O

Next, we apply the Taylor expansion with sufficiently small e(u) to the right-hand side on (34):
0? 5(v|u)
1 1 -1
0, Og{ et (p*wu)

= o, 10 (g 1) + 00}

Lm(plu v|lu v|lu m(ylu) p*t(v|u vlu) p*(vlu) p*(v|u
cu { Al '(vlu) p(ofu) 5" (olu) polu) | S(elw) pl(ofu) p L

pr(vlu)  pr(vlu) pr(vlu)  pr(vfu) p*(vfu)  pr(vlu) pr(vlu) p(vlu)
(35)




Substituting (35) into (34) yields

2

1
Ov0vy, og p(v|u)
ot (vlu) 3" (v|u) o' (vlw) d(v|u) } 2
=e(u) ————= — ¢""(viju)———= — ¢ (vn|u + ¢ (v|w) g™ (v |1 + O(e(u)®),
() {2 o) Y ) S ™ ) S Ofe(w?)
where we applied
*1
p (U|u) 0 * *1
= 71 =
D (olw) oo 8P (v|w) = ¢" (vi|u),
under the conditional independence assumption (4). Thus, the proof is completed.
O
C Proof of Theorem 2
C.1 Derivation of (13)
With p(y, @, u) = p(z, u|y)p(y), we have
x,u)yO+D) s
(ool ). ()l w) =~ tog [ Z{Hr W) pewiadu
w u '7“1’1 ’Y+1
2 log l//{1+ e} plesuly = Doty = Ddedu
e
- 0)dxd
S v} vt =0ty = 0aaa
T.u 7+1 T4
,7—1og //{1+rwu7+1} p(x, u)dedu
(A)
O
1// S S deed (36)
5 [ i) M@zl

where p(y = 0) = p(y = 1) = &, p(w,uly = 1) = p(x,u), and p(z, uly = 0) = p(z)p(w). Under the outlier
model, the joint density can be expressed as

p(x,u) = p(zlu)p(u) = (1 - e(w)p™ (2, u) + e(u)d(z, u).

Then, the term (A) in (36) can be written as

T u"/+1 T
(A) = //{l—l-ra: uv+1} p(z, u)dadu

- {5 } (1~ e(w)p’ (e, wpdadu + [ {M} 6(“)5(w7u)dmd1:3 |
7



Finally, substituting (37) into (36) yields
dy (p(y|z, u), (@, u); p(z, u))

_ —log[ //{Hf;‘;jﬂ}nﬂ (1—e(u))p*(x,u)dmdu+;//{W}”Lp(x)p(u)dxdu

r(z,u)y Tt EEa
// { 1+ 7r(x,u) 7+1} e(u)o(x, u)dedu

= Jlr(@,u); (1 - e(u))p*(z, w), p(@)p(u)] + O(v),
where we applied the relation log(y + v) = log(y) + O(v) with sufficiently small v.

C.2 Proof of the minimizer (14)
C.2.1 Preliminaries

We use the following results in the main proof, which are derived from the Taylor expansion:

<1> _ ( ! ) S R 8 UG T Ut ok s LA
(T + W¢)7+1 +1 T’Y+1 +1 (T’Y-‘rl + 1)2'7++1 2 ( ~y+1 + 1) —y;rl
(38)
(o) NTE (o AT e i 9 (- D et
(r+mne)tt+1 rtl 41 (L 1) 2 (r1H+1 1) 557 '
(39)

C.2.2 Main proof

Proof. Let us define J[r] = exp(—~J[r(z,w); (1 — e(u)
J[r] alternative to a minimizer of J[r(x,u); (1 — e(u))p*

(38) and (39), we have
el = T+ 2 [ [ [ 'o(a, u>{(1_e<u>>p*<m,u)_m,u)p(w)p(u)}] dedu
(r(@, w)r+1 +1) 757
v ([ [0t D@ w? — 2w p@)pu) e, u)?
i // l ()t + 1) 5
2@ w9 - Dr(e )2 (1 - dw)pt (@, o, w)?

(@ w4 1) 7

)p* (2, u), p(x)p(u)]), and then we derive a maximizer of
(x, ) p(x)p(w)]). Forn > 0 and a perturbation ¢, with

] dedu + O(n®). (40)

The optimality condition is satisfied when the term of order 7 on the right-hand side of (40) equals to zero for arbitrary
¢. Thus, an optimizer 7*(x, u) satisfies the following equation:

(1 — e(w)p* (@, w) — r(@, wp(@)p(u) = 0.

Then, we obtain r*(x, u) as

(1 —e(w)p*(z,u) _ (1 —e(u))p*(zfu)

T I

To investigate if r* is a maximizer of J[r], we compute the term of order 1> on the right-hand side of (40) at 7 = 7* as

// lv{r w)? + ¥ (z,u) " p(z)p(u)d(x, u)? dadu,

(r (@, w)7+1 4 1) 57




where we used the relation, (1 — e(u))p* (x, w) = r*(x,u)p(z)p(u). This shows that the term of order 1? is negative
for any choices of ¢. Thus, r* is a maximizer, and the proof is completed. O

D Proof of Proposition 1
Proof. We first define the support of 6 (x|u) as
XS = {x | §(x|u) > 0}.

In the neighborhood of r*(x, u) = %, we can obtain

(z,u)7™! T
o //Xz,{ { 1+ r(x,u)rt! } e(u)d(z, u)dzdu

-/ [ / 3 {M} e<u>5<w|u>dw] plus)du

P (@fu) ! iE -
</, Ux e e ey 5(”)“] o) +0 (spb(an) = (2]
(41)

where g, (u) := (1 —e(u))”e(u)p(u). Since the generative model (1) is invertible, by the change of variables from x
to s, we obtain the following equation:

P (u)*! e
/Xg{{<1—e<u>>p*<w|u>}v+l+p<w>v+l} Ot

_ p*(sJu)+! o
- /83 {{(1 —€(u))p*(slu) Pt —|—p(s)’Y+1} d(su)ds. (42)

Substituting (42) into (41) yields

o< Vs {{u - e<u))§:f§||Zf;fil (e } “S'“)dsl gr(w)du +0 (i‘?s r(z,u) ”“ﬁ’“)') '

Under the assumption that Sﬁ* N SS = (), we can easily conform that for y > 0,

p*(s]u) ! - -
/sg { {0 = e(w)p*(slw) P+ + p(s) 1 } O(slu)ds = 0.

The above equation gives

v <0 (swl@w - (@),

xz,u

Thus, the proof is completed. O



E Proof of Proposition 2

E.1 Main proof

Proof. We first define the following notations:
1

1+ rg(z,u)r+1)

Se(@,u) = {Lo(x,u)(1 — Lg(z,u))}/

dlogre(x, u) 0 tY

00

dlogre(x,u) 0t

00

Cy = // {;Bag(a:,u)Tp(m, u) — é)aaﬁg(as,u)Tp(ac)p(u)} dzdu.

Lo(x,u) =

ae(ma u) = Lg(.’l), u)l/(1+V)SO(ma u)

Bo(z,u) = (1 — Lo(z,u))"’ ) So(z, u)

Then, our proof relies on the following lemma proved in Section E.2:

Lemma 1. The influence function of 0 under the ~y-cross entropy (11) satisfies the following equations:

e Under the contamination model (A),

CylF(z) = / {aé(a_:, u) — Bé(a_z,u)}p*(u)du7 (43)
where IF denotes the influence function,

e Under the contamination model (B),

CylF(z,u) = — ayz(x,u) +/69~(m,ﬁ)p*(w)da: + /Bé(i,u)p*(u)du f/ Bg(z, w)p*(x)p* (u)dedu.
(44)

First of all, under Assumption (19), we observe that

lim ag(x,u)= lim Bg(x,u)=0 (45)

||| —o0 ll||—o0

because Lg(x, u)l/ (1+7) < 1. From Lemma 1, regarding the contamination model (A), (45) ensures that the right-
hand side of (43) approaches to 0 as ||Z|| — oc. Thus,

lim [IF(z)| = o.

ll2]|—o0
Furthermore, under Assumption (18),

sup |ag(x, u)| < oo, sup ||Be(x, u)| < co. (46)

z,u z,u
This indicates that

sup [[IF(z)]| < oo,

and therefore 6 is B-robust.

For the the contamination model (B), (46) holds, which indicates that the right-hand side of (44) is uniformly bounded
even when r4(Z, @), 74(Z, u) or r4(x, w) diverge through the influence of the outliers (Z, w). Thus, we have

sup |[IF(&, a)|| < cc. 47)
z.u

O



E.2 Proof of Lemma 1
Proof.  associated with the densities p* (, u) and p* (z)p* () is a solution of the following estimating equation:

a S S
0= ——d\(p"(ylx,u),re(z, u); p*(z,u))
00 0=0

1 + ro(x u)("/“) (1+ro(x,u)v+1)2 ’
1 —1/(1+7) %rg(m,u)““)
) (D) (

- (1 +ro(x,u 1 +rg(z, u)(wl))zp*(@p*(u)} dwdu]

— [[ {ast@ wp @w) - Byl wp @ (w)} dedu @

0=0

On the other hand, 6, is a solution of the the estimating equation with the contaminated densities:

0

0= %dy(ﬁ(ylw,U),Te($7u);ﬁ(fﬂau))

0=06.

ro(a,w)0 D) TV (g )0+
// (1 +ro(x u><v+1>) T+ ro(@,woe0)2! &)
1 SO0 (2, w) D)
- dad
(1‘*‘70(5'37“)(7“)) (14 7ro(z, )(7+1))2p( )p(u) o dzdu

= // {oz@e (z, u)p(z, u) — Bg, (nu)ﬁ(m)ﬁ(u)} dzdu. (49)

0=0.

Next, we obtain (43) and (44) under two contamination models separately by combining (49) with (48).

E.2.1 Contamination model (A)

We remind that (x, w), p(z), and p(u) in the contamination model (A) are defined as

pla,u) = (1 - )p*(x, u) + bz (2)p* (u)
pla) = (1= e)p*(x) + ez (x)
p(u) = p*(w),

with 05 (2) is the Dirac delta function having a point mass at Z. Then, the right-hand side of (49) is given by

(1—¢) // {0‘9} (z,u)p*(x,u) — '69} (:c,u)p*(m)p*(u)} dedu Jre/ {aég (Z,u) — Bée (z, u)}p*(u)du. (50)

(%)

Taylor expansion of (50) around 0 is given by

ody (0= 8)+ 018~ 8IF) (51)

90 |,

od,

0= 90067 |,

Since it follows from (48) that the term (*) in (50) vanishes as ée = é, we obtain (43) by taking the limit of ¢ — 0

ad., .
because Cg = 555+ s in (51).



E.2.2 Contamination model (B)

In the contamination model (B), the auxiliary variables u are also contaminated as follows:

pla,u) = (1 - e)p* (2, u) + ede(®)da (u)
plx) = (1 - e)p* (@) + eds()
plu) = (1= e)p*(u) + €da(u).

Then, the right-hand side of (49) is given by
// oy (z,u)p™(z, u) / Be, (z, u)p*(z)p*(u)dzdu + € {aée(az,u) - /ﬁée(m,ﬂ)p*(m)dsc
- [ B @ i [[ o @@ +2 [[ 5 @ @ dnau] + 0, 62

By following the derivation in Section E.2.1, we have

CylF(z,u) = —ay(z,u) + /Bé(w,ﬂ)p*(a:)dw + /,Bé(i,u)p*(u)du

//agmu a:ufZ//ﬁgmu p*(u)dedu
~ag(e,w) + [ Byl wp @i+ [ Byl wpwdu -~ [ [ Bye.wp @) (wdedu,

where (48) was applied in the last line. Thus, the proof is completed. O

F Robust property in multiclass classification

Here, we perform a similar robust analysis as Theorem 2 in multiclass classification. We first specifically assume that
the following v is sufficiently small:

/z (u, )b (lu)e(u)p(u) | (53)

W T m)’Y+1)W+1
Then, the outlier model (5) decomposes the y-cross entropy (20) into
dy (p(ulz), r(u, z); p(2))
= log/ u (1w 2) p(ul2) p(z)dz

(X r(w, @)+ T
R D W
s ls /

e

)7 (1= e(w)p* (@lu)p(u) | +/z r(w, @) (@ |u)e(w)p(u) ]

(X, r(u!, @)+ 1) 7T ()

= dy(r(u, @), p* (z|u); (1 — e(u))p(u)) + O(¥), (54)
where we employed log(y + z) = log(y) + O(z) with sufficiently small z and p(u|z) = % =
(1=c)p" (slp)+e()0(el1)p() 4

p( ’

dw(’l“(u,ac%p*(a:‘u); (1 —e(u))p(u)) = —% log lz {/ (Z:T(U,33)'7])*(33|u)7 d:l:} (1- e(u))p(u)] .

“ w (W, )T

Eq.(54) indicates that minimization of d,(p(u|x),r(u,x);p(x)) approximately equals to minimization of
dy(r(u, ), p*(x|u); (1 — €(u))p(u)) when & is sufficiently small. In addition, d., (r(u, x), p*(x|u); (1 — €(u))p(u))
is minimized at

r(u, z) = p*(z|u) (55)



because it is the y-cross entropy to p*(x|u) under the measure (1 — e(u))p(u). The minimizer (55) is desirable in
terms of the universal approximation assumptions (A4) and (B4).

Next, we discuss when 7 is sufficiently small. Following Section D, in the neighborhood of p* (x|u),

p* (w|u)7d(x|u) .
"= Z{/ (D p* (el )y 1) 7T dx}f(u)P(U)‘FO(Sul’lfT(U@) — p*(z|u)|)

)7
_ (s]u)75(s|u) oL etuntu I,
Z{/ (X, p*(s|u') +1)ﬁd } (wp(u) + O(sup [r(w, z) = p™(@[u)]), (56)
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where we performed the change of variables from @ to s under the data generate model (1). When Y, p*(s|u/)?"* #
0 and the supports of p*(s|u) and §(s|u) are mutually disjoint as in Section D, we can make the same implication
as Proposition 1: 7 can be sufficiently small in the neighborhood of p*(x|u) when p*(s|u) and J(s|u) are clearly
separated. This clear separation possibly happens on a situation where §(s|u) lies on the tails of p*(s|u) as seen in
common contamination by outliers. Thus, the y-cross entropy for multiclass classification would be also robust against
outliers.

As discussed in Section 4.3, the non-robustness of TCL can be understood in terms of the y-cross entropy. TCL
employs the multiclass logistic regression whose cross-entropy can be obtained as a limit of v = 0 in the y-cross
entropy (20). The multiclass logistic regression cannot also fulfill the robustness condition: It follows from the defini-
tion (53) that o cannot be sufficiently small when v = 0. Thus, this implies that TCL is sensitive to outliers.

G Experimental details

G.1 Robust time contrastive learning

Source vectors with time segment length 512 was first generated from (5): Following (2), given a time segment
label wu, the target density p*(s|u) was conditionally independent Laplace densities with means 0 and different scales
across time segments, which were randomly determined from the uniform density on [0, %] Regarding the outlier
density d(s|u), two types of densities were used: An independent Laplace density with mean 0 and scale 3.0, and a
mixture of mean-modulated two Gaussians. More precisely, the outlier density of the mixture is given by 0(s|u) =
0.5N(1+3y(u),0.5)+0.5N (—1—3y(u), 0.5) where N (a, b) is a Gaussian density with mean a and standard deviation
b, and y(u) is fixed at the scale parameter of p*(s|u) above in the u-th time segment. We set €(u) = e for all time
segments u. The total numbers of segments and of data samples were K = 256 and T' = 512 x 256, respectively.
The dimensionality of data was d, = 10 in Table 1, while dx = 5 in Table 2. Then, data  was generated according
to (1) where f(s) was modelled by a three-layer neural network (Table 1) or two-layer (Table 2) neural network with
the leaky ReLU activation function and random weights. The numbers of all hidden and output units were the same
as the dimensionality of data (i.e., dy). As preprocessing, we performed whitening based on the y-divergence [Chen
etal., 2013].

ICA features h(x) both in RTCL and TCL were modelled by a three layer neural network where the number of
hidden units was 4dy, but the final layer was dy. Regarding the activation functions, the final layer employed the
absolute value function, while the other hidden layers were the max-out function [Goodfellow et al., 2013] with two
groups. {5 regularization was employed with the regularization parameter 10~%. When € < 0.1, we optimized the
network parameters both in RTCL and TCL with 0.001 learning rate using the Adam optimizer for 1,000 epochs
with mini-batch size 256, while we updated the parameters for 3,000 epochs for ¢ = 0.1. We empirically observed
that more iterations for parameter update are often needed to escape from bad local optima when the contamination
ratio is larger. No postprocessing was applied. The performance was measured by the absolute value of the Pearson
correlation coefficient between learned ICA features h(x) and s without outliers.

When comparing with iVAE, the same neural network has been employed both in RTCL and iVAE, but the activation
functions were all ReLU except for the final layer. We optimized the network parameters with 0.001 learning rate
using the Adam optimizer for 1, 000 epochs, and the mini-batch size was 256.



G.2 Robust permutation contrastive learning

First, the temporally dependent 7" sources were generated from

dx

logp*(s(t)]s(t = 1)) = = > [si(t) = psi(t = )| + C,

i=1

where C' denotes a constant and the auto-regressive coefficient p was fixed at 0.7. The total number of sources was
T = 65,536. Then, we randomly replaced the sources with outliers based on a constant contamination ratio €,
which were generated from the independent Gaussian density with the mean 0 and scale 3. Data x was generated
as the nonlinear mixing of the sources with outliers by a three-layer neural networks with the leaky ReLU function
and random weights according to (1). The same whitening preprocessing above was performed based on the ~y-
divergence [Chen et al., 2013].

Based on the universal approximation assumption in Hyvirinen and Morioka [2017, Theorem 1 and Eq.(12)] or Ap-
pendix B, we restrict the model r as

dy
r(x(t), u(t)) = exp <Z wi(’li(fﬂ(ﬂ)»’%i(ﬂ(ﬂ)) ;
i=1

with a neural network h(z) = (hi(x),...,hq (x))". Following Hyvirinen and Morioka [2017], 1;(h;(x), hi(w))
was further modelled by

|ai11hi(w) —+ ai,ghi(u) —+ bll — (C_llhl(w) + 51)2 —+ C,

where a; 1, a;,2,b;, G;, b;, c are parameters to be estimated from data. ICA features h(x) both in RPCL and PCL were
modelled by a three layer feedforward neural network where the number of hidden units is 4d. No activation function
was applied in the last layer, while the max-out function was employed in the other layers. /o regularization was
employed with the regularization parameter 10~#. Then, we optimized the parameters in RPCL and PCL using the
Adam optimizer with 0.001 learning rate for 1, 000 epochs with mini-batch size 128. The performance was measured
by the absolute Pearson correlation coefficient between learned ICA features h(x) and s without outliers.

H Visualization of outliers on fMRI data

Fig.1 visualizes the time series data from the Parahippocampal brain region, and demonstrates the presence of outliers
in many of the segments.
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Figure 1: Subset of time series data corresponding to the Parahippocampal (PHc) region taken from the Hippocampal
fMRI dataset. Different colors denote distinct segments, which in this case correspond to fMRI measurements from
the same subject on distinct days.



