Supplement for The Hawkes Edge Partition Model

A INFERENCE

Next we shall explain the Gibbs sampling algorithm to infer the parameters of the Hawkes-EPM.

A.l GIBBS SAMPLING

The conditional intensity function of the Hawkes-EPM, for the directed events from u to v, is

)\u,v (t) = fy,p + Z’Yk,k' (t - tj)
Jti€H ks g (F)

(D
= Z/{Mu,k,k’,v + 25 o exp[—(t — tj)/é]}-

k,k JtiEH 1t ko, (T)
Sampling latent variables {z7, 23}, : For each event (¢;, s, d;), we utilize an auxiliary binary

variable b; to denote whether i-th event is triggered by the base rate (exogenous) or by opposite past
interactions (endogenous) as

(bi | =) ~ Bernoulli(ps, a,/As,,d: (ti))- 2
Then, we sample the latent patterns (z{, 2¢) for each event as
Cat(Peptanlirms) ey = 1
(23,28 | =) ~ el 3)
Cat( Riahit il =1), otherwise
sgd; (ti)

where Cat(-) denotes the categorical distribution, and we define

Xey ket (1) = X o exp[—0(t; — t5)]. (4)

Jitg€H g, p ks, (1)

Given the sampled latent variables, we update the sufficient statistics as

mu,k,k’,v = Zl(b] = 1a3j = U7dj = ’U,Z; = kyz_;i = k/)a )
J
Mo ko k! o = Z 1(bj = 0,85 =u,dj =v,2; = k,z;-i =K.

J

The log-posterior of the observed temporal events D = {(t;, s;,d;)}¥, is shown in Eq. E]

£(®) :Zi log {Msi’di + Zk,k’zjitjeﬂd,,vk’,k,di(ti)akk/ oxp [~(t: — t])/(s] } (6)
- Zi {Msi"diT + Ek,k’zj:tje?—ld. Kk .(ti)akk/a(l TP [_(tZ B tj)/é])}
+ log Pr(©).

Sampling the kernel parameters {«y }: As we place gamma priors over o
as ayr ~ Gamma(l, 1), and thus we have

(o | —) ~ Gamma (1 + Mg ., (7

{1+ > ;(1—exp[—(Tgtj)]> ,

Jti€MHa, 1t ks; (ti)



where M. k7. = DM, k k' ,d;» and M., . denotes the total number of endogenous events associated
with the latent pattern (k, k).

Sampling the base intensity {1, ki }: As we have gamma prior over fiy, i i’ v
as fhy k, ko ~ Gamma(fiy k kv, 1/(exp[—x, ,Brir])), and thus we have

(,uu,k’,k’,v | 7) ~Gamma (ﬂu,k,k’/,v + mu,k,k’,va 1/(T + eXp[fx;f,mBkk’])) 5 ()

Marginalizing out (i, i, from the likelihood leads to

PI‘(D ‘ X?L,U?ﬁkk/) = JPI‘(D ‘ ﬂu,k,k”,v)Pr(,ufu,k,k’,v | Xu,v;ﬁkk/)dﬂu,k,k’,v

o NB (M ko, it 05 o, o !y U[Xgﬁvﬁk/« +log(T)]),

where o(z) = 1/(1 + exp(—z)) denotes the logistic function, and NB(-) denotes the Negative-
Binomial distribution. Using the Pélya-Gamma data augmentation strategy (Zhou et al.,2012; [Polson
et al.,[2013)), we first sample

(W ko | =) ~ PGl ks o+ Moo b 05 Yk 0),
(Yu ko | =) ~ Ny, o), )
where PG denotes a P6lya-Gamma draw, and where
Voo = Xy Bt + 10g(T ),
~log N(0,771)
oy = [Wukp,o + 7]
fp = 0 [(Maeir o — Mk 0)/2 + T(X B + 10g(T))]

where log NV (+) denotes the lognormal distribution.

Sampling the regression coefficients {3y }: Given {t¢rr = (V1gi1,- - -, YUukkrv)}, We sample
{ﬂkk’} as

Brw | =) ~N(up, Ep), (10
where 5 = (TXTX + A)~%, A = diag[v !, ..., vp'], us = 735 XT (s — log(T)), and
X = [X117 N 7XUV]T.

The full procedure of our Gibbs sampler is summarized in Algorithm T}

Algorithm 1 Gibbs Sampler for the Hawkes Edge Partition Model

Input: events data D = {(t;, s;,d;)}IV,, {®, Q} inferred by the HGaP-EPM, maximum iterations

J
OUtPUt {,Uuk:k u} {Oékk'} {( Zis z)}

1: for!=1:7 do

2: forn=1:Ndo

3: Sample b; (Eq.[2)

4: Sample the latent variables (27, Z (Eq '
5: Update the intensity flll‘lCthl‘l Au(ti) (Eq.[T)
6: end for

7: Update My ki ,» and my, g ko (Eq.[9) R

8:  Sample the base intensities {pta, k & v (Eq.

9:  Sample the parameters {Byr' }, {Wu.k k7.0 } zpu ko0 (Egs.[TOEO)

10:  Sample the kernel parameters {c, k/} (Eq.
11: end for




B BASELINE MODELS

The Hawkes Edge Partition Model (Hawkes-EPM) For each pair of nodes (u, v), u,v € V, and

u #,
P ko ~ Gamma(fi, g, ko, 1/ (exp[—% , Brr])),
P ke k0 = Dk s,k o k!
Bk,k' ~ N(Ov A)7
o ~ Gammal(eg, 1/ fo),
Aup(t) = 25 {Mu,k,k’,v + 2 e exp|—(t — fj)/ﬂ}’
k,k/ jit]'EHv,k/kau(t)
Ny (t) ~ Hawkes Process( Ay, (t)),
where A = diag[v;?, ..., v5].
The Hawkes Dual Latent Space (DLS) (Yang et al.,2017) For each pair of nodes (u,v), u,v € V,
and u # v,

Zy ~ N(Oaazldxd)a
My ~ N(Ovaildxd)a
E,S)b) ~ N(O, USIdXd)v

xq()b) ~ My + egf’),

B
Auo(t) = & e—lZu—20l3 4 Z Z 3 o= I —x3 Wt —t;),

Jitj€Hu, u(t) b=1
Ny (t) ~ Hawkes Process(Ayy (1)).

The Community Hawkes Independent (CHIP) model

¢y ~ Categorical(my, ..., ), Yuey

Auv(t) = ey e, + Z eye, eXP{—(t —15)/Beycuts

Jits€H oy u(t)
Nuo(t) ~ Hawkes Process( Ay, (t)).

The Hawkes Stochastic Block (Hawkes-SBM) model

¢y, ~ Categorical(my, ..., mk), YueV

Nk (1) = Qe + Z gk exp{—(t —t;)/Brx},

Jity €My i (t)
Ny i (t) ~ Hawkes Process(Ag i (t)).

The Mutually Exciting Hawkes processes (MHPs) model
B
)\uv(t) :¢+ Z Zﬁb ’Yb(t_tj)v
j:tjeHv,u (t) b=1

Ny (t) ~ Hawkes Process( Ay, (t)).

Poisson process (PPs) model

>\uv (t) = ¢uv7
Ny (t) ~ Poisson Process(Ay, (t)).



C NUMERICAL SIMULATIONS

In this experiment we use synthetic data to evaluate the performance of the Hawkes-EPM in estimating
the kernel parameters. We consider a collection of nodes |V| = 100, and K = 4 latent communities.
We generated the base rate z, ~ Uniform[0, 1], and set the kernel parameters [, e, g, q] =
[0.5,0.88,1.38,1.96], and 6 = 0.45. Via the derived Gibbs sampler, the Hawkes-EPM infers the
number of latent communities. As shown in Figure (T)), the posterior distributions of the estimated
{ay} concentrate toward the true values as the number of observed events is increasing.
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Figure 1: The posterior distribution of the estimated parameters {«y } for the four simulations with
the number of events N,. The dashed line indicates the true values of {cy}.



D ADDITIONAL RESULTS

Figures [2] to [ present the additional plots of the intensities of the interaction events between the
nations: Iran (IRN)-USA, Israel (ISR)-Leban (LEB), Israel (ISR)-Palestin(PAL),Iraq (IRQ)-Israel
(ISR), Irag IRQ)-Kuwait (KUW), Iraq (IRQ)-Saudi Arabi (SAU), USA-Kuwait (KUW), Iraq (IRQ)-
Turkey (TUR), United Kingdom (UNK)-Iraq (IRQ).
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Figure 2: The plots show the intensity of interaction events among nations inferred by the Hawkes-
EPM in the Gulf dataset.
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Figure 3: The plots show the intensity of interaction events among nations inferred by the Hawkes-

EPM in the Gulf dataset.
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Figure 4: The plots show the intensity of interaction events among nations inferred by the Hawkes-
EPM in the Gulf dataset.
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