
Supplementary Material for Budgeted Semi-supervised Support Vector

Machine

The general update rule is

wt+1 = wt − ηtgt − ZltδltD (xlt)− Zut δutD (xut)

=
t− 1

t
wt +

Cαtyit
t

Φ (xit) + C ′
µutvt
t

βt (Φ (xut)− Φ (xvt))− ZltδltD (xlt)− Zut δutD (xut)

We do the convergence analysis for BS3VM with the removal strategy. In this case, the difference vector is D (x) =
Φ (x).

Lemma 1. Let us denote st =
∑
i∈Ilt
|δi|+

∑
i∈Iut
|δi|. The following statement holds

sT ≤ C + 2C
′
, ∀T

Proof. According to the update rule, we have

st+1 ≤
t− 1

t
st +

C |αtyit |
t

+
2C
′
µutvt |βt|
t

≤ t− 1

t
st +

C + 2C
′

t

where αt = −l′o (wt;xit , yit) = IyitwT
tΦ(xit)≤1 , and βt = −sign

(
wT
t Φutvt

)
.

Here we note that we have used the inequality µutvt = e−
‖xut−xvt‖2

2σ2 < 1.
It follows that

tst+1 ≤ (t− 1) st + C + 2C
′

Taking sum when t = 1, . . . , T − 1, we gain

(T − 1) sT ≤ (T − 1)
(
C + 2C

′
)

sT ≤ C + 2C
′

Lemma 2. The following statement holds
‖wt‖ ≤ C + 2C

′
, ∀t

Proof. We have

wt =
∑
i∈Ilt

δiΦ (xi) +
∑
i∈Iut

δiΦ (xi)

It follows that
‖wt‖ ≤

∑
i∈Ilt

|δi| ‖Φ (xi)‖+
∑
i∈Iut

|δi| ‖Φ (xi)‖ ≤
∑
i∈Ilt

|δi|+
∑
i∈Iut

|δi| = st ≤ C + 2C
′

Lemma 3. The following statement holds

‖gt‖ ≤ G = 2
(
C + 2C

′
)
, ∀t
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Proof. We have
gt = J

′

t (wt) = wt − CαtyitΦ (xit)− C
′
µutvtβt (Φ (xut)− Φ (xvt))

where αt = −l′o (wt;xit , yit) = −IyitwT
tΦ(xit)≤1 , and βt = −sign

(
wT
t Φutvt

)
.

It follows that

‖gt‖ ≤ ‖wt‖+ C |αt| ‖Φ (xit)‖+ C
′
|µutvtβt| ‖Φ (xut)− Φ (xvt)‖ ≤ 2

(
C + 2C

′
)

Lemma 4. Given two positive integer numbers m,n, assume that before removed the coefficient of Φ (xlt) is updated m
times via the vertex sampling and n times via the edge sampling of the spectral graph. We then have

|δlt | ≤
mC + nC

′

t

Proof. We assume that the coefficient of Φ (xlt) is updated via the vertex sampling at iterations k1, ..., km. At the iteration
kj , this coefficient is added by the quantity

−Cl′o
(
wkj ;xikj , yikj

)
kj

At the iteration t, the above quantity becomes

t− 1

t
× t− 2

t− 1
× ...× kj

kj + 1
×
−Cl′o

(
wkj ;xikj , yikj

)
kj

=
−Cl′o

(
wkj ;xikj , yikj

)
t

We further assume that the coefficient of Φ (xlt) is updated via the vertex sampling at iterations h1, ..., hn. At the
iteration hj , this coefficient is added by the quantity

−C ′µuhj vhj sign
(
wT
hj

Φuhjvhj

)
hj

At the iteration t, the above quantity becomes

t− 1

t
× t− 2

t− 1
× ...× hj

hj + 1
×
−C ′µuhj vhj sign

(
wT
hj

Φuhj vhj

)
hj

=
−C ′µuhj vhj sign

(
wT
hj

Φuhj vhj

)
t

Therefore, we have the following representation

δlt =
−
∑m
j=1 Cl

′

o

(
wkj ;xikj , yikj

)
−
∑n
j=1 C

′
µuhj vhj sign

(
wT
hj

Φuhj vhj

)
t

Hence, we gain the conclusion since

|δlt | ≤

∑m
j=1

∣∣∣Cl′o (wkj ;xikj , yikj

)∣∣∣+
∑n
j=1

∣∣∣C ′µuhj vhj sign
(
wT
hj

Φuhj vhj

)∣∣∣
t

≤ mC + nC
′

t

Lemma 5. Given a positive integer number p, assume that before removed the coefficient of Φ (xut) is updated p times
via edge sampling. We then have

|δut | ≤
pC
′

t

Proof. We skip this proof since it is similar to that of Lemma 4.

Lemma 6. We define ρi = δi
ηt

= tδi and ht = ZltρltD (xlt) + Zut ρutD (xut). Then we have

‖ht‖ ≤ H = mC + (n+ p)C
′
, ∀t

2



Proof. We have

‖ht‖ ≤ |ρlt | ‖D (xlt)‖+ |ρut | ‖D (xut)‖ ≤ |ρlt | ‖Φ (xlt)‖+ |ρut | ‖Φ (xut)‖ ≤ mC + (n+ p)C
′

= H

Lemma 7. The following statement holds

E
[
‖wt −w∗‖2

]1/2
≤W, ∀t

where W = H +

√
H2 + (G+H)

2
.

Proof. We have

‖wt+1 −w∗‖2 =
∥∥wt − ηtgt − ZltδltD (xlt)− Zut δutD (xut)−w∗

∥∥2

= ‖wt − ηtgt − ηtht −w∗‖2 = ‖wt −w∗‖2 + η2
t ‖gt + ht‖2 − 2ηt (wt −w∗)

T
gt − 2ηt (wt −w∗)

T
ht

Taking the conditional expectation w.r.t wt, we gain

E
[
‖wt+1 −w∗‖2

]
≤ E

[
‖wt −w∗‖2

]
+ η2

t (G+H)
2 − 2ηt (wt −w∗)

T E [gt]− 2ηt (wt −w∗)
T E [ht]

≤E
[
‖wt −w∗‖2

]
+ η2

t (G+H)
2 − 2ηt (wt −w∗)

T J
′
(wt)− 2ηt (wt −w∗)

T E [ht]

≤E
[
‖wt −w∗‖2

]
+ η2

t (G+H)
2 − 2ηt ‖wt −w∗‖2

2
− 2ηt (wt −w∗)

T E [ht]

Here we note that we have used the following inequality

(wt −w∗)
T J

′
(wt) ≥ J (wt)− J (w∗) +

1

2
‖wt −w∗‖2 ≥ 1

2
‖wt −w∗‖2

Taking the expectation again, we achieve

E
[
‖wt+1 −w∗‖2

]
≤ t− 1

t
E
[
‖wt −w∗‖2

]
+ η2

t (G+H)
2 − 2ηtE

[
(wt −w∗)

T
ht

]
≤ t− 1

t
E
[
‖wt −w∗‖2

]
+ η2

t (G+H)
2

+ 2ηtE
[
‖wt −w∗‖2

]1/2
E
[
‖ht‖2

]1/2
≤ t− 1

t
E
[
‖wt −w∗‖2

]
+

(G+H)
2

t
+

2HE
[
‖wt −w∗‖2

]1/2
t

Choosing W = H +

√
H2 + (G+H)

2
, we have the following: if E

[
‖wt −w∗‖2

]
≤W 2 , E

[
‖wt+1 −w∗‖2

]
≤W 2.

Theorem 8. Let us consider the running of Algorithm 1. The following statement holds

E [J (wt)]− J (w∗) ≤ 1

T

T∑
t=1

E [J (wt)]− J (w∗)

≤ (G+H)
2

(log T + 1)

2T
+
W

T

T∑
t=1

P
(
Zlt = 1

)
E
[
ρ2
lt

]1/2
+
W

T

T∑
t=1

P (Zut = 1)E
[
ρ2
ut

]1/2
where ρlt =

δlt
ηt

and ρut =
δut
ηt

.

Proof. We have

‖wt+1 −w∗‖2 =
∥∥wt − ηtgt − ZltδltD (xlt)− Zut δutD (xut)−w∗

∥∥2

= ‖wt − ηtgt − ηtht −w∗‖2 = ‖wt −w∗‖2 + η2
t ‖gt + ht‖2 − 2ηt (wt −w∗)

T
gt − 2ηt (wt −w∗)

T
ht
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(wt −w∗)
T
gt =

‖wt −w∗‖2 − ‖wt+1 −w∗‖2

2ηt
+
ηt ‖gt + ht‖2

2
− (wt −w∗)

T
ht

=
‖wt −w∗‖2 − ‖wt+1 −w∗‖2

2ηt
+
ηt ‖gt + ht‖2

2
− (wt −w∗)

T (
ZltρltΦ (xlt) + Zut ρutΦ (xut)

)
Taking the conditional expectation w.r.t w1, ...,wt, x1, . . . , xt of two sides on the above inequality, we gain

(wt −w∗)
T J

′
(wt) ≤

E
[
‖wt −w∗‖2

]
− E

[
‖wt+1 −w∗‖2

]
2ηt

+
ηt (G+H)

2

2

− (wt −w∗)
T (E [Zlt] ρltΦ (xlt) + E [Zut ] ρutΦ (xut)

)
J (wt)− J (w∗) +

1

2
‖wt −w∗‖2 ≤

E
[
‖wt −w∗‖2

]
− E

[
‖wt+1 −w∗‖2

]
2ηt

+
ηt (G+H)

2

2

− (wt −w∗)
T (P (Zlt = 1

)
ρltΦ (xlt) + P (Zut = 1) ρutΦ (xut)

)
Here we note that ρlt and ρut are functionally dependent on w1, ...,wt, x1, . . . , xt and J (w) is 1-strongly convex function.
Taking the expectation of two sides of the above inequality, we obtain

E [J (wt)− J (w∗)] ≤ t− 1

2
E
[
‖wt −w∗‖2

]
− t

2
E
[
‖wt+1 −w∗‖2

]
+

(G+H)
2

2t

− P
(
Zlt = 1

)
E
[
(wt −w∗)

T
ρltΦ (xlt)

]
− P (Zut = 1)E

[
(wt −w∗)

T
ρutΦ (xut)

]
≤ t− 1

2
E
[
‖wt −w∗‖2

]
− t

2
E
[
‖wt+1 −w∗‖2

]
+

(G+H)
2

2t

+ P
(
Zlt = 1

)
E
[
‖wt −w∗‖2

]1/2
E
[
‖ρltΦ (xlt)‖

2
]1/2

+ P (Zut = 1)E
[
‖wt −w∗‖2

]1/2
E
[
‖ρutΦ (xut)‖

2
]1/2

≤ t− 1

2
E
[
‖wt −w∗‖2

]
− t

2
E
[
‖wt+1 −w∗‖2

]
+

(G+H)
2

2t

+ P
(
Zlt = 1

)
WE

[
ρ2
lt

]1/2
+ P (Zut = 1)WE

[
ρ2
ut

]1/2
Taking sum when t = 1, ..., T , we gain

T∑
t=1

E [J (wt)− J (w∗)] ≤ (G+H)
2

2

T∑
t=1

1

t
+W

T∑
t=1

P
(
Zlt = 1

)
E
[
ρ2
lt

]1/2
+W

T∑
t=1

P (Zut = 1)E
[
ρ2
ut

]1/2
1

T

T∑
t=1

E [J (wt)]− J (w∗) ≤ (G+H)
2

(log T + 1)

2T
+
W

T

T∑
t=1

P
(
Zlt = 1

)
E
[
ρ2
lt

]1/2
+
W

T

T∑
t=1

P (Zut = 1)E
[
ρ2
ut

]1/2
E [J (wt)]− J (w∗) ≤ 1

T

T∑
t=1

E [J (wt)]− J (w∗) ≤ (G+H)
2

(log T + 1)

2T
+
W

T

T∑
t=1

P
(
Zlt = 1

)
E
[
ρ2
lt

]1/2
+
W

T

T∑
t=1

P (Zut = 1)E
[
ρ2
ut

]1/2

4


