Supplementary Material:
Max-Product Belief Propagation for Linear Programming

Sejun Park
Department of Electrical Engineering
Korea Advanced Institute of Science and Technology
sejun.park @kaist.ac.kr

Proof of Corollary 6

Since LP (11) always has an integral solution, it suffices
to show that the max-product BP on GM (12) converges
to the solution of LP. The proof of Corollary 6 can be
done by using Theorem 1. From GM (12), each variable
is connected to two factors (Condition C2). Now, lets
check Condition C3. Suppose there are v and x5,y with
¥y (xs(p)) = 1. Consider the case when there is e € §(v)
with z, = 1 # zf. If ¢/ € 0*(v) with zer = 0 # ),
exists, choose such ¢’. Otherwise, choose ¢/ € §°(v) with

zer = 1 # x,. On the other hand, consider when there
ise € §'(v) withz, = 0 # 2. If ¢ € 6°(v) with
ze = 1 # x, exists, choose such e’. If not, choose

¢’ € §'(v) with s = 0 # z,. Then,
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We can apply similar argument for the case when e €
0°(v), v = s or t. From Theorem 1, we can conclude that
if the solution of LP (11) is unique, the max-product BP on
GM (12) converges to the solution of LP (11).

Proof of Corollary 7

The proof of Corollary 7 can be done by using Theorem 1.
From GM (15), each variable is connected to two factors
(Condition C2). Now, lets check Condition C3. Suppose
there are v and xs(,) with ’l/)v(l‘g(v)) = 1. Consider the
case when there is ¢; € 6(v) with z,, = 1 # 7 . Then,
there is €} € §(v) with Lo =0 # I:S Choose such e.
On the other hand, consider when there is e; € §(v) with
Te, = 0 # x7,. Then, there is €/, € d(v) with Te, =1#
¥, . Choose such e;. Then,
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From Theorem 1, we can conclude that if the solution of LP
(14) is unique, the max-product BP on GM (15) converges
to the solution of LP (14).

Proof of Corollary 8

From GM (18), each variable is connected to two fac-
tors (Condition C2). Now, lets check Condition C3. For
v € V, we can apply same argument as the maximum
weight matching case. Suppose there are v and Ys(y.)
with ¢ (Ys(ve)) = 1. Consider the case when there is
(u1,v0) € 0(ve) With Yu,ve) = 1 7 Yluy 0oy AS A
feasible solution ys(,.) forms a disjoint even paths (

, ), check edges along the path contains uq. If
there is up € V(C) in the path with Yy, o) = 1 #
yz‘“w)c) exists, choose such (u1,ve). Otherwise, choose
(u2,vc) € V(C) with Yy, o) = 0 # yE‘ULUc) at the end
of the path. On the other hand, consider the case when there
is (u1,vo) € 0(ve) With Yy, vey = 0 # Yiurve) Asa
feasible solution ys(,.) form a disjoint even paths, check
edges along the path contains u;. If there is uy € V(C)
in the path with y(,, o) = 0 # y?uz,m exists, choose
such (u1,vc). Otherwise, choose (uz,ve) € V(C) with
Y0uzwe) = 1 # yzﬁuwc) at the end of the path. Then, from
disjoint even paths point of view, we can check that

¢C(Z/:s(vc)) =1,

where 3/ — ) Ytuwe) ifu 7w, uz .
(u,ve) y?u ve) otherwise
e Yswey) =1,
where y// . = { J(wve) ifu=u,us
(u,ve) yzku ve) otherwise

From Theorem 1, we can conclude that if the solution of
LP (17) is unique and integral, the max-product BP on GM
(18) converges to the solution of LP (17).



Proof of Corollary 9

The proof of Corollary can be done by using Theorem 1.
From GM (22), each variable is connected to two factors
(Condition C2). Now, lets check Condition C3. Suppose
there are v and Z5(0) with 9, (z5(,)) = 1. Consider the
case when there is e; € 0(v) withz,, = 1 # z . If there is
e € 6(v) with Lo =07 7 o choose such ¢ Otherw1se

choose ¢/. = ¢; On the other hand consider when there is
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el € 6(v) withz,, = 0 # x;,. If there is e € (v ) with
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Then,
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From Theorem 1, we can conclude that if the solution of LP
(21) is unique, the max-product BP on GM (22) converges
to the solution of LP (21).

Proof of Corollary 10

The proof of Corollary 10 can be done by using Theorem
1. From GM (24), each variable is connected to two factors
(Condition C2). Now, lets check Condition C3. Suppose
there are v and x5(,,y With ¥, (25(,y) = 1. Consider the case
when there is e € §(v) with . = 1 # 2. By formulation
of GM, there exists ¢’ € §(v) with z.» = 0 # z%,. Choose
such e’. On the other hand, consider when there is e € 6(v)
with . = 0 # x?. There exists ¢/ € 6(v) with zos = 1 #
x?,. Choose such e’. Then,
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From Theorem 1, we can conclude that if the solution of
LP (23) is unique and integral, the max-product BP on GM
(24) converges to the solution of LP (23).

Proof of Corollary 11

The proof of Corollary 11 can be done by using Theorem
1. From GM (26), each variable is connected to two factors
(Condition C2). Now, lets check Condition C3. Suppose
there are v and x5,y With ¥, (25(,y) = 1. Consider the case
when there is e € 6(v) with z, = 1 # 2. If ' € §(v)
with z., = 0 # x, exists. Choose such ¢’. Otherwise,
there exists ¢/ € §(v) with z» = 1 # z},. Choose such

e’. On the other hand, consider when there is e € §(v) with
xe =0 # zf Ife! € §(v) with s = 1 # ), exists.
Choose such €’. Otherwise, there exists ¢/ € §(v) with
zer = 0 # x¥,. Choose such e’. Then,
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Case of y variable can be done in similar manner. From
Theorem 1, we can conclude that if the solution of LP (25)
is unique and integral, the max-product BP on GM (26)
converges to the solution of LP (25).





